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A B S T R A C T

Population-based algorithms aim to explore the entire solution space in global numerical optimization
problems. However, it is important to acknowledge that the solution spaces of different problems possess
distinct characteristics, and even distinct regions within the same solution space can vary significantly. Efficient
exploration of these diverse regions necessitates the utilization of distinct search models. To address this
challenge, this study proposes a new variant of the Differential Evolution (DE) algorithm called MHDE. The
MHDE algorithm introduces hash clustering technology combined with adaptive mutation strategies. The
integration of hash clustering technology enables fast population clustering, significantly enhancing clustering
efficiency. Additionally, a method for evaluating the population state is designed that allows for an adaptive
clustering quantity to adapt the clustering quantity to the population state. Furthermore, a novel method is
devised to calculate individual improvements considering the varying levels of difficulty that individuals face in
achieving improvements within a population. This method is combined with a parameter adaptive mechanism,
resulting in a weighted parameter adaptive mechanism. Experiments are conducted on the CEC2017 benchmark
suite to evaluate the performance of the MHDE algorithm. The experimental results demonstrate that MHDE
exhibits competitive performance compared with other efficient DE variants. Moreover, the MHDE algorithm
is applied to the node deployment problem in wireless sensor networks (WSNs). The MHDE algorithm
demonstrates efficient performance in node deployment problems through simulation experiments in different
scenarios.
1. Introduction

Differential Evolution (DE) is a population-based optimizer pro-
posed by Storn and Price in 1997 (Storn & Price, 1997) that has re-
ceived considerable attention in the past two decades owing to its effi-
cient performance. In addition, it has been widely applied to real-world
problems, such as wind speed distribution parameter estimations (Ku-
mar & Kumar, 2021), intelligent transportation (Chen et al., 2022),
power electronic circuits (Liu et al., 2022; Zhan et al., 2017), flow-shop
scheduling (Zhao et al., 2020), and anomaly detection (Guendouzi &
Boukra, 2022).

With the development of society and technology, the single-search
model in traditional DE can no longer cope with the increasing diversity
and complexity of problems (Zhang et al., 2023b). The mutation and
crossover operations in DE instruct the search model of the popu-
lation, whereas specific search models are only efficiently optimized
for specific types of problems (Mohamed et al., 2019). Therefore, DE
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variants with multiple search models have been proposed to improve
the comprehensive optimization capability of the DE on different types
of problems. For example, Qin et al. (Qin et al., 2009) proposed the
SaDE algorithm, which constructs a pool of four mutation strategies
and calculates the selection probabilities of different strategies using
success and failure memories of the generations. Zhang et al. proposed
the JADE algorithm (Zhang & Sanderson, 2009), which extracts recent
successful parameters to guide the setting of future parameters while
generating 𝐹 and 𝐶𝑅 parameters for each individual using normal
and Cauchy distributions. Mallipeddi et al. proposed the EPSDE algo-
rithm (Mallipeddi et al., 2011), whereby different mutation strategies
and each control parameter coexist and compete during the entire
operation to produce offspring. Wang et al. introduced the CoDE al-
gorithm (Wang et al., 2011), which generates multiple offspring by
randomly combining three mutation strategies with three control pa-
rameter methods and allows the optimal offspring to join the next
generation population.
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Nomenclature

List of Abbreviations

𝜀 A Very Small Positive Number
𝐶𝑆 Set of 𝑐𝑠𝑐
𝐻𝑆 Ordered Hash Value Vector
𝐻⃗ Hash Value Vector
𝐿𝐵 Lower bound of the solution space
𝑂⃗ Projected Line Vector
𝑈𝐵 Upper bound of the solution space
𝐵𝑝 Basic Selection Probability of Mutation

Strategies
𝐶𝐿𝑈 Set of 𝑐𝑙𝑢𝑐
𝑐𝑙𝑢𝑐 Index of Members in the 𝑐th cluster
𝐶𝑅 Crossover Probability
𝑐𝑠𝑐 The Size of the 𝑐th Cluster
𝐷 Problem Dimension
𝑒 Proportion of the Extra-cluster
𝐸𝐺 The Entropy Value of Elite Distribution in

𝐺th Generation
𝐹 Scale Factor
𝑓 (𝑋⃗) Fitness value of the 𝑋⃗
𝐹𝐸𝑠 The Number of Function Evaluations
𝐺 Generation of the Population
ℎ Wilcoxon test result
𝐼𝑐𝑚,𝐺 The Accumulative Improvement of the 𝑚th

Strategy in the 𝑐th Cluster
𝑀𝑎𝑥𝐹𝐸𝑠 The Maximum Number of Function Evalu-

ations
𝑁𝐶 The Number of Clusters
𝑁𝐶𝑚𝑎𝑥 Upper limit of the number of clusters
𝑁𝐶𝑚𝑖𝑛 Lower limit of the number of clusters
𝑁𝐸 The Number of Elites
𝑁𝑃 Population Size
𝑁𝑆 EcPop Size
𝑅𝑖,𝐺 The improvement of the 𝑖th individual in

𝐺th Generation
𝑟𝑎𝑛𝑑𝑐 Cauchy Distribution
𝑟𝑎𝑛𝑑𝑛 Gaussian Distribution
𝑆𝐶𝑅 Set of 𝑠𝑐𝑟
𝑠𝑐𝑟 𝐶𝑅 value that enables individuals to suc-

cessfully evolve
𝑆𝐹 Set of 𝑠𝑓
𝑠𝑓 𝐹 value that enables individuals to success-

fully evolve
𝑇𝑆 Time Span for the MHDE algorithm re-

clustering
BLSH Balanced Locality-Sensitive Hashing
DE Differential Evolution Algorithm
EcPop Extra-cluster Subpopulation
f-rank Friedman test result
FDC Fitness-Distance Correlation
LSH Locality-Sensitive Hashing
MHDE Multi-strategy Differential Evolution Algo-

rithm based on Adaptive Hash Clustering
overall f-rank Summation of f-rank Across All Test Func-

tions
SCE Shuffled Complex Evolution Partitioning
std Standard Deviation
WSNs Wireless Sensor Networks
2

The aforementioned variants of the DE algorithm are modifications
based on a single population. In addition to these modifications, an-
other approach to enhance algorithm performance is the incorporation
of multi-population techniques into the DE algorithm. For example,
Gui et al. proposed the MPADE algorithm that was inspired by the
concept of work specialization (Cui et al., 2016). The algorithm divides
the entire population into three subpopulations based on fitness val-
ues, then different subpopulations perform different tasks. Wu et al.
proposed the MPEDE algorithm (Wu et al., 2016), which assigns a
smaller indicator subpopulation to each mutation strategy and a larger
reward subpopulation to the best-performing mutation strategy after a
certain number of generations to improve population search efficiency.
In 2018, Wu et al. further proposed an EDEV algorithm based on
MPEDE (Wu et al., 2018), which uses three excellent DE variants, JADE,
CoDE, and EPSDE, to replace the three mutation strategies in MPEDE.
This approach exhibited a much better overall optimization strength.

The above DE variants either do not split the subpopulations, split
them randomly, or split them according to the fitness value. However,
none of these methods considered the topology of the populations in the
solution space. Population-based algorithms operate on the principle
of exploring a solution space through a population. However, different
regions within the solution space of the same problem can exhibit dis-
tinct characteristics. Therefore, an efficient search in different regions
requires adopting different search patterns. To address this challenge,
this study proposes the MHDE algorithm, which includes a balanced
clustering technique. This technique not only achieves balanced cov-
erage of different regions but also improves upon the time-consuming
nature of traditional clustering methods. Additionally, each cluster is
equipped with an independent adaptive mechanism to facilitate an
adaptive search within the cluster coverage area. Furthermore, a popu-
lation state evaluation method is proposed to ensure that the clustering
quantity aligns with the current population state. Finally, this study
introduces a new method for calculating individual improvements and
combines this method with parameter mechanisms.

The four main contributions regarding the MHDE algorithm pro-
posed in this study are summarized as follows.

1. A balanced clustering technique based on Locality-Sensitive
Hashing (LSH) was designed to achieve a balanced and fast
clustering of the population.

2. A population state evaluation method was introduced to regulate
the clustering quantity.

3. A novel approach for calculating the individual improvement
was presented to improve adaptive parameter mechanisms.

4. An external population was leveraged to accelerate the conver-
gence speed of the algorithm.

2. Related works

This section provides a brief overview of the representative strate-
gies relevant to this study. These strategies primarily include clustering
mechanisms in the DE, population partitioning technologies, popula-
tion state evaluation mechanisms, and adaptive 𝐹 and 𝐶𝑅 mechanisms.

2.1. Clustering in DE

Clustering is a data grouping technique in which data within the
same cluster exhibit higher similarity to each other than to other clus-
ters. Clustering is an effective data aggregation method that has been
widely applied in various domains, such as electricity consumption
forecasting (Hadjout et al., 2023) and networking (Kumar et al., 2023).
Additionally, clustering mechanisms have been applied to enhance the
optimization capabilities of DE.

Cai et al. (Cai et al., 2011) utilized one-step k-means clustering

to generate offspring, making full use of population information to
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achieve a balance between exploration and exploitation during popula-
tion evolution. Neri et al. (Poikolainen et al., 2015) applied clustering
mechanisms to the population initialization of DE algorithms, using
k-means clustering to assess dominant regions within the solution
space, thereby improving the coverage of dominant regions by the
initial population. Liang et al. (Liang et al., 2021) employed clustering
techniques to identify neighborhood relationships and calculated the
comprehensive crowding distance of individuals in the decision and
objective spaces. The crowding distance was used to guide the exemplar
and environmental selection of the algorithm. Zhang et al. (Zhang et al.,
2017) utilized the LSH technique to achieve rapid population parti-
tioning. This approach circumvents the high computational complexity
associated with calculating the distances between individuals, thereby
enabling the localized evolution of individuals.

2.2. Population partitioning

Population partitioning is the process of dividing a population
into smaller subpopulations that can move towards different dominant
regions, thereby maintaining population diversity and helping the al-
gorithm escape local optima (Chaudhary & Banati, 2020). This section
introduces classical population-partitioning methods.

Random partitioning (Al-Betar & Awadallah, 2018) is a technique
that divides all individuals randomly and evenly into a fixed num-
ber of subpopulations. This is the most commonly used population
partitioning technique. A dynamic subpopulation number strategy was
proposed in Xia et al. (2018), in which the number of subpopulations
was larger in the early stages of the algorithm and gradually decreased
to one as the algorithm progressed. This technique provides the popu-
lation with greater exploratory ability in the early stages and focuses
on exploitation in the later stages. The shuffled complex evolution
(SCE) partitioning technique was proposed in Banati and Chaudhary
(2016). This technique sorts individuals based on their fitness values
and then assigns the first individual to the first subpopulation, the
second individual to the second subpopulation, and so on until one
individual is added to the last subpopulation. The next individual
is then assigned to the first subpopulation, and the process is re-
peated until the population is fully partitioned. SCE ensures that each
subpopulation contains individuals at different levels, thus avoiding
inefficient searches owing to some subpopulations consisting entirely
of inferior individuals. Hierarchical partitioning (Toledo et al., 2013)
divides a population into different subpopulations based on their fitness
values, with superior individuals grouped into the same subpopula-
tion and inferior individuals grouped into different subpopulations.
This approach provides different subpopulations with various func-
tions, with superior subpopulations focusing on exploiting dominant
regions, and inferior subpopulations responsible for global exploration
and maintaining population diversity. Hongru et al. (Hongru et al.,
2018) designed a population partitioning technique based on k-means
clustering that divided the entire population into non-overlapping sub-
populations (clusters). Clustering can group individuals in the same
region into the same cluster, which can help the population to better
search for different dominant regions. Wang et al. (Wang et al., 2021)
proposed using the LSH technique for population clustering to address
large-scale optimization problems, which can significantly improve the
clustering efficiency of the population.

2.3. Population state evaluation

For black-box optimization, researchers are unaware of the charac-
teristics of the optimization problem and therefore cannot choose ap-
propriate algorithms and strategies to address the challenges of black-
box optimization. Therefore, using the population state to help the
algorithm select appropriate search patterns has become an effective
means of improving black-box optimization (Zhang et al., 2023a).

Yu et al. (Yu et al., 2014) proposed an indicator of the optimization
3

state (IOS), that evaluated the population state by calculating the
difference between individuals in the solution and objective spaces.
Zhan et al. (Zhan et al., 2020) designed an evolution factor (𝑓 ) that
specifically determined the population state by calculating the Eu-
clidean distance between optimal and median individuals. Li et al. (Li
& Li, 2020) used the fitness-distance correlation (FDC) to evaluate the
population state. This was accomplished by assessing the correlation
between the population distribute in the objective and solution spaces.
Tan et al. introduced two dynamic fitness landscape analysis methods in
their study (Tan et al., 2022). The first method used a random walk al-
gorithm combined with FDC to propose a dynamic FDC, and the second
involved the dynamic ruggedness of information entropy. These two
methods were used in this study to jointly evaluate the population state.
Li et al. (Li et al., 2023) proposed a framework for DE that addressed
issues of population prematurity and stagnation. This was achieved by
combining two types of information: changes in the optimal solution
of the current population and the population state. By combining
these, the framework effectively alleviated the problems of premature
convergence and population stagnation. Meng (Meng, 2023) designed
a method for evaluating population states by detecting changes in
population diversity. If the population state indicates that the current
population is stagnant, a population promotion mechanism is triggered
to prevent the population from continuously remaining stagnant.

2.4. Adaptive 𝐹 and 𝐶𝑅

𝐹 and 𝐶𝑅 are two important parameters that significantly affect
he performance of the DE algorithm. 𝐹 affects the range of population

mutations, whereas 𝐶𝑅 determines the crossover ratio between the trial
and original individuals. Therefore, adaptive 𝐹 and 𝐶𝑅 are common
practices for improving the algorithm performance.

In the JADE algorithm (Zhang & Sanderson, 2009), all 𝐹 and 𝐶𝑅
values that lead to successful evolution of individuals in one iteration
are saved in 𝑆𝐶𝑅 = {𝑠𝑐𝑟1, 𝑠𝑐𝑟2,…} and 𝑆𝐹 = {𝑠𝑓1, 𝑠𝑓2,…} sets,
respectively. Subsequently, new 𝐹 and 𝐶𝑅 values are respectively
obtained using Eqs. (1) and (2).

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑚𝑒𝑎𝑛𝐿 (𝑆𝐹 ) =
∑

𝑠𝑓∈𝑆𝐹 𝑠𝑓2
∑

𝑠𝑓∈𝑆𝐹 𝑠𝑓

𝜇𝐹 = (1 − 𝑐) ⋅ 𝜇𝐹 + 𝑐 ⋅ 𝑚𝑒𝑎𝑛𝐿 (𝑆𝐹 )
𝐹 = 𝑟𝑎𝑛𝑑𝑐(𝜇𝐹 , 0.1)

(1)

here 𝑚𝑒𝑎𝑛𝐿(𝑆𝐹 ) denotes the Lehmer mean of 𝑆𝐹 , 𝑟𝑎𝑛𝑑𝑐 represents
he Cauchy distribution.

𝑚𝑒𝑎𝑛𝐴 (𝑆𝐶𝑅) =
∑

𝑠𝑐𝑟∈𝑆𝐶𝑅 𝑠𝑐𝑟
|𝑆𝐶𝑅|

𝜇𝐶𝑅 = (1 − 𝑐) ⋅ 𝜇𝐶𝑅 + 𝑐 ⋅ 𝑚𝑒𝑎𝑛𝐴 (𝑆𝐶𝑅)

𝐶𝑅 = 𝑟𝑎𝑛𝑑𝑛(𝜇𝐶𝑅, 0.1)

(2)

here 𝑚𝑒𝑎𝑛𝐴(𝑆𝐶𝑅) denotes the mean of 𝑆𝐶𝑅, 𝑟𝑎𝑛𝑑𝑛 represents the
aussian distribution, and |𝑆𝐶𝑅| denotes the size of the set 𝑆𝐶𝑅.

The SHADE algorithm (Tanabe & Fukunaga, 2013) proposes a new
ethod for calculating 𝐹 and 𝐶𝑅 based on the JADE parameter mech-

nism. In addition to saving successful 𝐶𝑅 and 𝐹 values, the improve-
ent 𝛥𝑓𝑖 = 𝑓

(

𝑋⃗𝑖

)

− 𝑓
(

𝑈⃗𝑖

)

of individuals is also saved in set 𝑅 =
𝛥𝑓1, 𝛥𝑓2,…}, and used as a weight to calculate 𝜇𝐶𝑅 and 𝜇𝐹 . Thus, the
arameters that lead to greater individual improvement receive more
ttention. The calculation processes are expressed in Eqs. (3) and (4).
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⎪

⎪

𝑤𝑘 = 𝛥𝑓𝑘
∑

|𝑆𝐹 |

𝑘=1 𝛥𝑓𝑘

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐹 ) =
∑

|𝑆𝐹 |

𝑘=1 𝑤𝑘⋅𝑠𝑓2
𝑘

∑

|𝑆𝐹 |

𝑘=1 𝑤𝑘⋅𝑠𝑓𝑘

𝜇𝐹 =

⎧

⎪

⎨

⎪

⎩

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐹 ) , if 𝑆𝐹 ≠ ∅

𝜇𝐹 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(3)
⎩
𝐹 = 𝑟𝑎𝑛𝑑𝑐(𝜇𝐹 , 0.1)
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⎪

⎩

𝑤𝑘 = 𝛥𝑓𝑘
∑

|𝑆𝐹 |

𝑘=1 𝛥𝑓𝑘

𝑚𝑒𝑎𝑛𝑊𝐴 (𝑆𝐶𝑅) =
∑

|𝑆𝐶𝑅|
𝑘=1 𝑤𝑘 ⋅ 𝑠𝑐𝑟𝑘

𝜇𝐶𝑅 =

⎧

⎪

⎨

⎪

⎩

𝑚𝑒𝑎𝑛𝑊𝐴 (𝑆𝐶𝑅) , if 𝑆𝐶𝑅 ≠ ∅

𝜇𝐶𝑅, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐶𝑅 = 𝑟𝑎𝑛𝑑𝑛(𝜇𝐶𝑅, 0.1)

(4)

The PaDE_pet algorithm (Meng, 2023) proposes dimension
mprovement-based adaptation schemes for control parameters, which
se the standard deviation(std) of good changes in individual dimen-
ions as a weight to adjust the calculation process of 𝜇𝐹 and 𝜇𝐶𝑅.
herefore, in PaDE_pet, it is necessary to store the dimensional changes
𝑙𝑜𝑐𝑖 = 𝑙𝑜𝑐

(

𝑈⃗𝑖 − 𝑋⃗𝑖

)

of successful individuals in a set 𝛥𝐿𝑂𝐶. The
pecific calculation methods for 𝐹 and 𝐶𝑅 are respectively shown in
qs. (5) and (6).

𝑤𝑖 =
𝑠𝑡𝑑(𝛥𝑙𝑜𝑐𝑖)

∑

|𝛥𝐿𝑂𝐶|

𝑖=1 𝑠𝑡𝑑(𝛥𝑙𝑜𝑐𝑖)

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐹 ) =
∑

|𝑆𝐹 |

𝑖=1 𝑤𝑖⋅𝑠𝑓2
𝑖

∑

|𝑆𝐹 |

𝑖=1 𝑤𝑖⋅𝑠𝑓𝑖

𝜇𝐹 =

⎧

⎪

⎨

⎪

⎩

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐹 ) , if 𝑆𝐹 ≠ ∅

𝜇𝐹 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐹 = 𝑟𝑎𝑛𝑑𝑐(𝜇𝐹 , 0.1)

(5)

𝑤𝑖 =
𝑠𝑡𝑑(𝛥𝑙𝑜𝑐𝑖)

∑

|𝛥𝐿𝑂𝐶|

𝑖=1 𝑠𝑡𝑑(𝛥𝑙𝑜𝑐𝑖)

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐶𝑅) =
∑

|𝑆𝐶𝑅|
𝑖=1 𝑤𝑖⋅𝑠𝑐𝑟2𝑖

∑

|𝑆𝐶𝑅|
𝑖=1 𝑤𝑖⋅𝑠𝑐𝑟𝑖

𝜇𝐶𝑅 =

⎧

⎪

⎨

⎪

⎩

𝑚𝑒𝑎𝑛𝑊𝐿 (𝑆𝐶𝑅) , if 𝑆𝐶𝑅 ≠ ∅

𝜇𝐶𝑅, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐶𝑅 = 𝑟𝑎𝑛𝑑𝑛(𝜇𝐶𝑅, 0.1)

(6)

. Differential evolution

The DE algorithm was designed to iteratively evolve the population
owards the global optimum. It is comprised of four essential com-
onents: population initialization, mutation, crossover, and selection
perations.

.1. Initialization

The population in the 𝐺th generation 𝑃𝐺 = {𝑋⃗𝐺
1 , 𝑋⃗

𝐺
2 ,… , 𝑋⃗𝐺

𝑁𝑃 } is
omposed of 𝑁𝑃 individuals, where each individual is a 𝐷-dimensional
ecision vector. For example, the 𝑖th individual is denoted as 𝑋⃗𝐺

𝑖 =
𝑥𝐺𝑖,1, 𝑥

𝐺
𝑖,2,… , 𝑥𝐺𝑖,𝐷]. To ensure that the population covers the solution

pace, the upper and lower 𝑈𝐵 = [𝑢𝑏1, 𝑢𝑏2,… , 𝑢𝑏𝐷] and 𝐿𝐵 = [𝑙𝑏1, 𝑙𝑏2,
, 𝑙𝑏𝐷] bounds of the solution space need to be obtained before

nitializing the population. Then the initialized population (𝐺 = 0) is
enerated by Eq. (7).
0
𝑖,𝑗 = 𝑙𝑏𝑗 + 𝑟𝑎𝑛𝑑(0, 1) ⋅ (𝑢𝑏𝑗 − 𝑙𝑏𝑗 ) (7)

here 𝑟𝑎𝑛𝑑(0, 1) denotes a random real number between 0 and 1.

.2. Mutation

In the mutation phase, each target vector 𝑋⃗𝐺
𝑖 (so-called individual)

enerates a mutant vector 𝑉 𝐺
𝑖 = [𝑣𝐺𝑖,1, 𝑣

𝐺
𝑖,2,… , 𝑣𝐺𝑖,𝐷], and the mutation

trategy is expressed in Eq. (8).

⃗𝐺 = 𝑋⃗𝐺 + 𝐹 ⋅ (𝑋⃗𝐺 − 𝑋⃗𝐺 ) (8)
4

𝑖 𝑟1 𝑟2 𝑟3
here 𝑋⃗𝐺
𝑟1, 𝑋⃗𝐺

𝑟2 and 𝑋⃗𝐺
𝑟3 are three random individuals in the current

opulation and 𝑟1 ≠ 𝑟2 ≠ 𝑟3, 𝐹 ∈ (0, 1] denotes the scale factor used to
djust the mutation step.

.3. Crossover

There are two main types of crossover operations: binomial and ex-
onential. This study used a binomial crossover, therefore, this section
etails the binomial crossover operations.

Each mutant vector 𝑉 𝐺
𝑖 was blended with the corresponding target

ector 𝑋⃗𝐺
𝑖 to generate the trial vector 𝑈⃗𝐺

𝑖 = [𝑢𝐺𝑖,1, 𝑢
𝐺
𝑖,2,… , 𝑢𝐺𝑖,𝐷]. The

pecific crossover operation is expressed in Eq. (9).

𝐺
𝑖,𝑗 =

{

𝑣𝐺𝑖,𝑗 𝑟𝑎𝑛𝑑(0, 1) < 𝐶𝑅 𝑜𝑟 𝑗 = 𝑗𝑟𝑎𝑛𝑑
𝑥𝐺𝑖,𝑗 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(9)

where 𝐶𝑅 ∈ [0, 1] denotes the crossover probability and 𝑗𝑟𝑎𝑛𝑑 denotes
random integer between 1 and 𝐷.

The trial vectors generated by the crossover operation may move
utside the search region; thus, the elements of the trial vectors that
re out of bounds are regenerated using Eq. (7).

.4. Selection

The goal of the DE algorithm is to drive the evolution of the
opulation, that is to drive the continuous improvement of the fitness
alues of each individual. Therefore, the trial vectors need to calculate
he fitness values. Subsequently, the fitness values of the trial vectors
re compared with the corresponding fitness values of the target vectors
o that the vectors with better fitness values can enter the next genera-
ion of the population. The specific selection operation is presented in
q. (10).

⃗𝐺
𝑖 =

{

𝑈⃗𝐺
𝑖 𝑓 (𝑈⃗𝐺

𝑖 ) < 𝑓 (𝑋⃗𝐺
𝑖 )

𝑋⃗𝐺
𝑖 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(10)

here 𝑓 (𝑋⃗) denotes the fitness value of the vector 𝑋⃗.

. Locality-sensitive hashing (LSH)

LSH is an efficient clustering technique (Zhang et al., 2017),
hereby individuals in the original data space that are close to each
ther are highly likely to remain close to each other, even after being
apped to a projected line through hashing operations. In LSH, there

s a ‘‘bucket’’ concept where the projected line is divided into several
egments of length 𝑟. Each segment is referred to as a bucket, and
ndividuals within the same bucket are assigned to the same cluster.
he specific computational process of the LSH within the context of
he DE algorithm is presented in Algorithm 1.
Algorithm 1: Pseudocode for the LSH
Input: Population 𝑃𝐺 = {𝑋𝐺

1 ,⋯ , 𝑋𝐺
𝑁𝑃 }; Clustering quantity

control parameter 𝑛𝑏
Output: Index vector 𝐵⃗ of the buckets

1 Generate a vector 𝑂⃗ with the same dimension as 𝑋𝐺
𝑖

2 Perform dot product between 𝑋⃗𝐺
𝑖 and 𝑂⃗:

3 for 𝑖 = 1 to 𝑁𝑃 do
4 𝐻⃗ ← ℎ𝑖 = 𝑋⃗𝐺

𝑖 ⋅ 𝑂⃗𝑇 ;
5 end
6 ℎ𝑚𝑎𝑥 = 𝑀𝐴𝑋(𝐻⃗), ℎ𝑚𝑖𝑛 = 𝑀𝐼𝑁(𝐻⃗)
7 Calculate the size 𝑟 of the bucket:
8 𝑟 = (ℎ𝑚𝑎𝑥 − ℎ𝑚𝑖𝑛)∕𝑛𝑏
9 Calculate the bucket number of each individual:
0 for 𝑖 = 1 to 𝑁𝑃 do
1 𝐵⃗ ← 𝑏𝑖 = ⌊(ℎ𝑖 + 𝑏)∕𝑟⌋, 𝑏 = 𝑟𝑎𝑛𝑑(0, 𝑟)
2 end
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Fig. 1. Demonstration of LSH and BLSH in 2D space.
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A simple illustration of the use of LSH to divide individuals from a
D Euclidean space into three clusters is shown in Fig. 1(a). Here, six
ifferent graphs represent individuals distributed in 2D space. The six
ndividuals are mapped onto three different projected lines and divided
nto three buckets of the same size.

. MHDE algorithm

The proposed MHDE algorithm can be broadly divided into three
ain steps: population clustering, intra-cluster evolution, and extra-

luster evolution. Detailed descriptions of the three components of the
HDE algorithm are presented in the following sections.

.1. Population clustering

Search regions for the same problem can be different, so different
egions require different search models.

This study introduces a novel DE variant called MHDE that inte-
rates clustering techniques into the DE algorithm to address efficient
earch requirements across different regions. Furthermore, a method
or evaluating the population states was designed to adaptively adjust
he number of clusters in the population.

.1.1. Balanced locality-sensitive hashing
LSH technology significantly enhances the clustering efficiency of

he population. However, the LSH cannot guarantee that each cluster
ill contain at least the minimum number of individuals required for a
E search, as shown in Fig. 1(a). For example, at least three individuals
ere required to perform the mutation operation in Eq. (8). Moreover,

he efficiency of the algorithm is significantly affected if there are too
any or few individuals within a cluster. Therefore, Balanced LSH

BLSH) was designed based on LSH.
BLSH replaces buckets with a sequential selection of individuals to

nsure a balanced distribution of individuals across different clusters.
irst, the population is mapped to hash values, assuming that the
opulation must be clustered into 𝑁𝐶 clusters, with 𝑐𝑠 = 𝑁𝑃∕𝑁𝐶

individuals in each cluster. Second, the hash values are sorted and
the first 𝑐𝑠 individuals are clustered into the same cluster. The next
𝑐𝑠 individuals are clustered into the second cluster, and so on until all
individuals are clustered into 𝑁𝐶 clusters. The calculation process is
shown in Algorithm 2. The clustering of the six individuals into three
clusters using BLSH on the projected lines is shown in Fig. 1(b).

The MHDE algorithm re-clusters after a certain number of iterations,
called the time span 𝑇𝑆, to avoid overlapping search regions between
clusters owing to population evolution.

In addition to performing population clustering, LSH also has the
capability to determine the convergence of the population. In Algo-
5

rithm 2, the population has converged when the 𝑓𝑙𝑎𝑔 is 0 for multiple t
Algorithm 2: Pseudocode for the BLSH

Input: Population 𝑃𝐺 = {𝑋⃗𝐺
1 ,⋯ , 𝑋⃗𝐺

𝑁𝑃 }; Clustering quantity
𝑁𝐶𝐺

Output: Size of each cluster 𝐶𝑆;Cluster set 𝐶𝐿𝑈 clustered by
BLSH

1 Generate a vector 𝑂⃗ with the same dimension as 𝑋⃗𝑖

2 Perform dot product between 𝑋⃗𝑖 and 𝑂⃗:
3 for 𝑖 = 1 to 𝑁𝑃 do
4 𝐻⃗ ← ℎ𝑖 = 𝑋⃗𝐺

𝑖 ⋅ 𝑂⃗𝑇 ;
5 end
6 𝐻𝑆 = 𝑠𝑜𝑟𝑡(𝐻⃗) ;
7 𝑓𝑙𝑎𝑔 = 𝐻𝑆[1] −𝐻𝑆[𝑁𝑃 ];
8 𝑏𝑎𝑠𝑖𝑐𝐶𝑆 = ⌊𝑁𝑃∕𝑁𝐶𝐺⌋ ;
9 𝑟𝑒𝑚 = 𝑁𝑃%𝑁𝐶𝐺 ;
0 for 𝑐 = 1 to 𝑁𝐶𝐺 do
1 if 𝑐 <= 𝑟𝑒𝑚 then
12 𝐶𝑆 ← 𝑐𝑠𝑐 = 𝑏𝑎𝑠𝑖𝑐𝐶𝑆 + 1
3 else
14 𝐶𝑆 ← 𝑐𝑠𝑐 = 𝑏𝑎𝑠𝑖𝑐𝐶𝑆
5 end
6 𝑐𝑙𝑢𝑐 ← 𝐻𝑆[1 ∶ 𝑐𝑠𝑐 ];
7 𝐶𝐿𝑈 ← 𝑐𝑙𝑢𝑐 ;
8 𝐻𝑆 = 𝐻𝑆[𝑐𝑠𝑐 + 1 ∶ 𝑁𝑃 ] ;
9 end

calculations with different vectors 𝑂⃗. Premature convergence of the
population can lead to wasted computational resources, necessitating
a population restart. Therefore, all individuals except the current best
are regenerated using Eq. (11).

𝑋⃗𝐺
𝑖 = 𝑟𝑎𝑛𝑑𝑐

(

𝑋⃗𝐺
𝑖 ,

(

𝑈𝐵 − 𝐿𝐵
)(

1 − 𝐹𝐸𝑠
𝑀𝑎𝑥𝐹𝐸𝑠

))

(11)

where 𝐹𝐸𝑠 and 𝑀𝑎𝑥𝐹𝐸𝑠 represent the current and the maximum
number of function evaluations, respectively.

5.1.2. Adaptive clustering quantity
A larger number of clusters is effective in maintaining the diversity

of a population but can also increase the blindness of the population
search (Yang et al., 2022) thus reducing its efficiency. A smaller number
of clusters increases the convergence speed of the population but
reduces the significance of population partitioning (Wang et al., 2021).
Therefore, the number of clusters 𝑁𝐶𝐺 is a key factor that affects the
erformance of the algorithm.

The better the individual, the higher the probability of approaching
he global optimum. Therefore, a population with a concentration of
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dominant individuals indicates a concentration of dominant regions in
the solution space. Consequently, the number of clusters should be re-
duced to enhance the exploitation of the dominant regions. Conversely,
if the dominant individuals are dispersed, the number of clusters must
be increased to improve the ability of the population to explore glob-
ally. For ease of presentation, the remainder of this paper refers to the
top 𝑁𝐸𝐺 dominant individuals as elites.

Entropy expresses the degree of disorder within a system (Gray,
2011), allowing for the evaluation of the degree of disorder in the
elites by calculating the entropy value of their distribution in different
clusters. The entropy value is calculated as shown in Eq. (12).

𝐸𝐺 = −
𝑍
∑

𝑛=1

𝑘𝐺𝑛
𝑁𝐸𝐺

log
𝑘𝐺𝑛

𝑁𝐸𝐺
(12)

where 𝑍 denotes the number of clusters containing elites, 𝑘𝐺𝑛 denotes
he number of elites in the 𝑛th cluster, and 𝑁𝐸𝐺 denotes the number
f elites.

The two distributions of elites are shown in Fig. 2, where the
umbered dots represent the elites of the population. The entropy
alues of the two elite distributions are expressed in Eq. (13) and (14),
espectively.

𝐺 = −
( 2
6
log 2

6

)

−
( 1
6
log 1

6

)

−
( 1
6
log 1

6

)

−
( 2
6
log 2

6

)

= 1.918 (13)

𝐸𝐺 = −
( 2
6
log 2

6

)

−
( 4
6
log 4

6

)

= 0.9183 (14)

Eq. (13) and (14) indicate that the entropy value is higher when
the elite distribution is more chaotic, and lower when the distribution
is more regular. This observation inspired the design of the regulation
mechanism for 𝑁𝐶𝐺, which is calculated as Eq. (15).

𝑁𝐶𝐺+1 =

⎧

⎪

⎨

⎪

⎩

𝑁𝐶𝐺 + 1 𝐸𝐺 > 𝐸𝑇𝐺 𝑎𝑛𝑑 𝑁𝐶𝐺 < 𝑁𝐶𝑚𝑎𝑥

𝑁𝐶𝐺 − 1 𝐸𝐺 ≤ 𝐸𝑇𝐺 𝑎𝑛𝑑 𝑁𝐶𝐺 > 𝑁𝐶𝑚𝑖𝑛

𝑁𝐶𝐺 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(15)

where 𝑁𝐶𝑚𝑎𝑥 and 𝑁𝐶𝑚𝑖𝑛 indicate the upper and lower limits of the
number of clusters, respectively, and 𝐸𝑇𝐺 is the entropy value when
the elites are evenly distributed within the 𝑟𝑜𝑢𝑛𝑑(𝑁𝐶𝐺∕2) clusters. The
elites are distributed in more clusters then 𝑁𝑇𝐺, if 𝐸𝐺 is greater than
𝐸𝑇𝐺. In other words, the distribution of the elite is more chaotic and
the number of clusters needs to be expanded. Conversely, the number
of clusters decreases when the distribution is more regular.

The entropy value calculated using Eq. (12) is influenced by the
cluster quantity 𝑁𝐶𝐺 and number of elites 𝑁𝐸𝐺. Therefore, 𝑁𝐸𝐺 was
set to equal 𝑁𝐶𝐺 to achieve a dynamic balance between 𝑁𝐶𝐺 and
𝑁𝐸𝐺.

The clustering method employed for this phase was LSH to enhance
clustering efficiency.

5.2. Intra-cluster evolution

Each cluster evolves independently within a 𝑇𝑆 to efficiently search
for its own coverage area. The following section introduces the details
6

n

of intra-cluster evolution with the background of the 𝑐th cluster, as
each cluster uses the same evolution mechanism. The superscript of the
parameter is used as a marker for the clusters.

5.2.1. Calculating individual improvement
Before discussing the mutation strategies and parameter settings, a

novel method for calculating individual improvements must be intro-
duced. This method is integrated into the calculation of the mutation
strategy selection probabilities and parameters.

The goal of each individual in the population is to improve the
fitness value. Inferior individuals can improve themselves by learn-
ing from superior individuals, but superior individuals have fewer
opportunities for such learning. Therefore, the improvement of supe-
rior individuals should receive more attention. Based on the above
analysis, this study proposes a new method for calculating individual
improvements, which is presented in the Eq. (16).

𝑅𝑖,𝐺 =

⎧

⎪

⎨

⎪

⎩

(

𝑓 (𝑋⃗𝐺
𝑖 ) − 𝑓 (𝑈⃗𝐺

𝑖 )
)

𝑓𝐺
max−𝑓 (𝑋⃗

𝐺
𝑖 )+𝜀

𝑓𝐺
max−𝑓

𝐺
𝑚𝑖𝑛+𝜀

𝑓 (𝑈⃗𝐺
𝑖 ) < 𝑓 (𝑋⃗𝐺

𝑖 )

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(16)

where 𝑓𝐺
𝑚𝑎𝑥 and 𝑓𝐺

𝑚𝑖𝑛 denote the worst and best fitness values in the 𝐺th
population, respectively, and 𝜀 denotes an extremely small positive real
number.

5.2.2. Multiple mutation strategies
Mutation plays a crucial role in the DE algorithm because it deter-

mines the search pattern of the population. In the MHDE algorithm,
individuals participating in the same mutation originate from the same
cluster. This prevents the search areas of each cluster from overlapping
with those of the other clusters, thereby improving the search efficiency
of the entire population.

For each cluster, the mutation pool is comprised of four mutation
strategies assuming different functions. These mutation strategies are
expressed as:

• DE/current-to-best/1

𝑉 𝑐
𝑖,𝐺 = 𝑋⃗𝑐

𝑖,𝐺 + 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑏,𝐺 − 𝑋⃗𝑐

𝑖,𝐺

)

+ 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑟1,𝐺 − 𝑋⃗𝑐

𝑟2,𝐺

)

• DE/rand-to-best/1

𝑉 𝑐
𝑖,𝐺 = 𝑋⃗𝑐

𝑟1,𝐺 + 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑏,𝐺 − 𝑋⃗𝑐

𝑟1,𝐺

)

+ 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑟2,𝐺 − 𝑋⃗𝑐

𝑟3,𝐺

)

• DE/current-to-rand/1

𝑉 𝑐
𝑖,𝐺 = 𝑋⃗𝑐

𝑟1,𝐺 + 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑟1,𝐺 − 𝑋⃗𝑐

𝑖,𝐺

)

+ 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑟2,𝐺 − 𝑋⃗𝑐

𝑟3,𝐺

)

• DE/rand/1

𝑉 𝑐
𝑖,𝐺 = 𝑋⃗𝑐

𝑟1,𝐺 + 𝐹 𝑐
𝑖,𝐺 ⋅

(

𝑋⃗𝑐
𝑟2,𝐺 − 𝑋⃗𝑐

𝑟3,𝐺

)

here 𝑋⃗𝑐
𝑟1,𝐺, 𝑋⃗𝑐

𝑟2,𝐺, and 𝑋⃗𝑐
𝑟3,𝐺 denote random members of the 𝑐th cluster

nd 𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑖, 𝑋⃗𝑐
𝑏,𝐺 denotes the best member of the 𝑐th cluster.

In the mutation pool, DE/current-to-best/1 and DE/rand-to-best/1
re used to help the population converge quickly towards the domi-
ant region and perform extremely well when dealing with unimodal
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Table 1
Individual improvement in 𝑐th cluster.

𝑚
𝑖 1 2 ⋯ 𝑐𝑠𝑐 − 1 𝑐𝑠𝑐

DE/current-to-best/1 0 𝑅𝑐
2,1,𝐺 ⋯ 0 0

DE/rand-to-best/1 𝑅𝑐
1,2,𝐺 0 ⋯ 0 0

DE/current-to-rand/1 0 0 ⋯ 0 𝑅𝑐
𝑐𝑠𝑐 ,3,𝐺

DE/rand/1 0 0 ⋯ 𝑅𝑐
𝑐𝑠𝑐−1,4,𝐺

0

𝐹

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

w

t
a
c
𝑚
𝜇
w

𝜇
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functions. DE/current-to-rand/1 and DE/rand/1 provide the population
with more power to explore. As such, they are used to address complex
multimodal problems.

Each mutation strategy within the current cluster is assigned a
selection probability 𝑝, and the mutation strategy for each individual is
elected using a roulette-wheel selection mechanism based on these se-
ection probabilities. Thus, the effectiveness of a cluster search heavily
epends on selection probabilities.

The cumulative improvement and times that the strategy is se-
ected are used to efficiently set the selection probability. Setting
election probabilities based on individual improvements is an efficient
pproach. The distribution structure of the individual improvements
ithin the 𝑐th cluster is provided in Table 1. Here, 𝑚 and 𝑖 represent

the identifiers of the mutation strategies and individuals, respectively,
and 𝑐𝑠𝑐 represents the number of individuals in the 𝑐th cluster.

The selection probability 𝑝𝑐𝑚,𝐺 of the 𝑚th mutation strategy is ex-
pressed in Eqs. (17).

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐼𝑐𝑚,𝐺 =
𝑐𝑠𝑐
∑

𝑖=1
𝑅𝑐
𝑖,𝑚,𝐺

𝑀𝑐
𝑚,𝐺 =

𝐼𝑐𝑚,𝐺−1
𝑁𝑐

𝑚,𝐺−1+𝜀

𝑝𝑐𝑚,𝐺 = 𝐵𝑝
4 + (1 − 𝐵𝑝)

𝑀𝑐
𝑚,𝐺+𝜀

∑4
𝑚=1

(

𝑀𝑐
𝑚,𝐺+𝜀

)

(17)

where 𝐼𝑐𝑚,𝐺 denotes the cumulative improvement of the 𝑚th strategy
in the 𝑐th cluster, 𝐵𝑝 denotes the basic selection probability of the
mutation strategies, 𝑁𝑐

𝑚,𝐺 denotes the number of times the 𝑚th muta-
tion strategy is used in the 𝐺th generation, and 𝜀 denotes a very small
positive number used to ensure that the denominator is not zero.

5.2.3. Adaptive parameter setting
The JADE algorithm (Zhang & Sanderson, 2009) provides an ex-

cellent adaptive mechanism for parameters 𝐹 and 𝐶𝑅, and many DE
variants follow or modify this mechanism, such as the DEET (Li & Li,
2020), JADE_sort (Zhou et al., 2017) and SHADE (Tanabe & Fukunaga,
013) algorithms. The parameter mechanism of the MHDE algorithm
s also a modified version of JADE.

All successful parameter values in JADE produce the same effect on
he Gaussian and Cauchy expectations. However, a parameter-adaptive
echanism was proposed by combining the JADE mechanism with a
ovel individual improvement, assuming that the parameter values that
roduce a greater contribution should provide more guidance for later
arameter settings, as calculated in Eq. (16).

The crossover probabilities 𝐶𝑅 and scale factor 𝐹 of success ob-
tained using the 𝑚th mutation strategy are denoted as 𝑆𝐶𝑅𝑐

𝑚,𝐺 =
{𝑠𝑐𝑟𝑐1,𝑚,𝐺 , 𝑠𝑐𝑟

𝑐
2,𝑚,𝐺 ,…} and 𝑆𝐹 𝑐

𝑚,𝐺 = {𝑠𝑓 𝑐
1,𝑚,𝐺 , 𝑠𝑓

𝑐
2,𝑚,𝐺 ,…}, respectively.

The corresponding crossover probability 𝐶𝑅𝑐
𝐺 is generated assuming

that an individual is mutated using the mutation strategy, which is
expressed in Eqs. (18).

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

𝑅𝑐
𝑖,𝑚,𝐺 = max

(

(

𝑓 (𝑋⃗𝑐
𝑖,𝐺) − 𝑓 (𝑈⃗ 𝑐

𝑖,𝐺)
) 𝑓𝐺

max−𝑓 (𝑋⃗
𝑐
𝑖,𝐺 )+𝜀

𝑓𝐺
max−𝑓

𝐺
𝑚𝑖𝑛+𝜀

, 0
)

𝑤𝑚𝑒𝑎𝑛𝑐𝑚,𝐺 =
∑

|

|

|

|

𝑆𝐶𝑅𝑐𝑚,𝐺
|

|

|

|

𝑖=1

(

𝑠𝑐𝑟𝑐𝑖,𝑚,𝐺 ⋅𝑅
𝑐
𝑖,𝑚,𝐺

)

∑

|

|

|

|

𝑆𝐶𝑅𝑐𝑚,𝐺
|

|

|

|

𝑖=1

(

𝑅𝑐
𝑖,𝑚,𝐺

)

𝜇𝐶𝑅𝑐
𝑚,𝐺 = (1 −𝑤) ⋅ 𝜇𝐶𝑅𝑐

𝑚,𝐺−1 +𝑤 ⋅𝑤𝑚𝑒𝑎𝑛𝑐𝑚,𝐺
𝐶𝑅𝑐 = 𝑟𝑎𝑛𝑑𝑛(𝜇𝐶𝑅𝑐 , 0.1)

(18)
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Fig. 3. Distribution of an extra-cluster subpopulation.

where 𝑤𝑚𝑒𝑎𝑛𝑐𝑚,𝐺 denotes the weighted mean value obtained by calcu-
lating the successful crossover probability.

Each individual using the 𝑚th mutation strategy obtains scale factor
𝑐
𝐺 using Eq. (19).

𝑅𝑐
𝑖,𝑚,𝐺 = max

(

(

𝑓 (𝑋⃗𝑐
𝑖,𝐺) − 𝑓 (𝑈⃗ 𝑐

𝑖,𝐺)
) 𝑓𝐺

max−𝑓 (𝑋⃗
𝑐
𝑖,𝐺 )+𝜀

𝑓𝐺
max−𝑓

𝐺
𝑚𝑖𝑛+𝜀

, 0
)

𝑤𝑚𝑒𝑎𝑛𝑙𝑐𝑚,𝐺 =
∑

|

|

|

|

𝑆𝐹𝑐
𝑚,𝐺

|

|

|

|

𝑖=1

(

(

𝑠𝑓 𝑐
𝑖,𝑚,𝐺

)2
⋅𝑅𝑐

𝑖,𝑚,𝐺

)

∑

|

|

|

|

𝑆𝐹𝑐
𝑚,𝐺

|

|

|

|

𝑖=1

(

𝑠𝑓 𝑐
𝑖,𝑚,𝐺 ⋅𝑅

𝑐
𝑖,𝑚,𝐺

)

𝜇𝐹 𝑐
𝑚,𝐺 = (1 −𝑤) ⋅ 𝜇𝐹 𝑐

𝑚,𝐺−1 +𝑤 ⋅𝑤𝑚𝑒𝑎𝑛𝑙𝑐𝑚,𝐺
𝐹 𝑐
𝐺 = 𝑟𝑎𝑛𝑑𝑐(𝜇𝐹 𝑐

𝑚,𝐺 , 0.1)

(19)

here 𝑤𝑚𝑒𝑎𝑛𝑙𝑐𝑚,𝐺 denotes a weighted Lehmer mean.
While the 𝜇𝐶𝑅𝑐

𝑚,𝐺 and 𝜇𝐹 𝑐
𝑚,𝐺 of the 𝑚th strategy within the 𝑐th clus-

er evolve independently, MHDE simultaneously upgrades 𝜇𝐴𝐶𝑅𝑚,𝐺
nd 𝜇𝐴𝐹𝑚,𝐺 using information from the 𝑚th mutation strategy of all
lusters. In addition, the 𝜇𝐴𝐶𝑅𝑚,𝐺 and 𝜇𝐴𝐹𝑚,𝐺 are associated with the
th mutation strategy and are updated in the same way as that of
𝐶𝑅𝑐

𝑚,𝐺 and 𝜇𝐹 𝑐
𝑚,𝐺. At the beginning of each 𝑇𝑆, 𝜇𝐶𝑅𝑐

𝑚,𝐺 and 𝜇𝐹 𝑐
𝑚,𝐺

ere respectively set as:

𝐶𝑅𝑐
𝑚,𝐺 = 𝜇𝐴𝐶𝑅𝑚,𝐺 , 𝑚 = 1, 2,… , 𝑁𝐶𝐺 (20)

𝜇𝐹 𝑐
𝑚,𝐺 = 𝜇𝐴𝐹𝑚,𝐺 , 𝑚 = 1, 2,… , 𝑁𝐶𝐺 (21)

.3. Extra-cluster evolution

The MHDE algorithm constructs an extra-cluster subpopulation
EcPop) to enhance the overall convergence of the population and
nformation interaction between clusters. The capacity of EcPop is ex-
ressed in terms of 𝑁𝑆 = 𝑟𝑜𝑢𝑛𝑑(𝑒×𝑁𝑃 ). In addition, EcPop membership
onsists of two parts: the best individual in each cluster and individuals
yclically selected from different clusters until the EcPop is filled. The
istributions of the clusters and EcPop are shown in Fig. 3, where
he white and black centered dots represent the optimal and random
ndividuals within the clusters, respectively.

The members of EcPop come from different clusters, thus EcPop
arries information about all the clusters. EcPop can be considered
s a refined version of the current population. Therefore, it can help

he population to search the entire solution space while saving the
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Algorithm 3: Pseudocode for the MHDE algorithm
Input: 𝑁𝑃 ; 𝑀𝑎𝑥𝐹𝐸𝑠; 𝑋⃗𝑙; 𝑋⃗𝑢; 𝐷; 𝑁𝐶𝑚𝑎𝑥; 𝑁𝐶𝑚𝑖𝑛;
Output: The best solution
/* Initialization */
Produce the initial population by (7); Compute fitness values for the initial population; Initialize parameters 𝐺 = 0, 𝐹𝐸𝑠 = 0;
while 𝐹𝐸𝑠 < 𝑀𝑎𝑥𝐹𝐸𝑠 do

/* Clustering phase */
if G%TS=0 then

Cluster population by LSH; Compute the entropy value by (12);
Compute 𝑁𝐶𝐺 by (15); Cluster population into 𝑁𝐶𝐺 clusters by BLSH;
for 𝑐 = 1 to 𝑁𝐶𝐺 do

𝑝𝑐𝑚,𝐺 = 𝐵𝑝∕4; Set 𝜇𝐶𝑅𝑐
𝑚,𝐺 by (20); Set 𝜇𝐹 𝑐

𝑚,𝐺 by (21); 𝑚 = 1, 2, 3, 4;
end

end
/* Intra-cluster evolution phase */
for 𝑐 = 1 to 𝑁𝐶𝐺 do

Compute selection probabilities by (17);
Get the current cluster size 𝑐𝑠𝑐 ;
for 𝑖 = 1 to 𝑐𝑠𝑐 do

𝑠𝑚 = Select a mutation strategy using roulette wheel;
Compute 𝐶𝑅𝑐

𝑖,𝐺 and 𝐹 𝑐
𝑖,𝐺 by (18) and (19);

Generate the 𝑉 𝑐
𝑖,𝐺 ;

Generate the 𝑈⃗ 𝑐
𝑖,𝐺;

Handle out-of-bounds elements ;
Compute the 𝑓 (𝑈⃗ 𝑐

𝑖,𝐺);
𝐹𝐸𝑠 = 𝐹𝐸𝑠 + 1;
if 𝑓 (𝑈⃗ 𝑐

𝑖,𝐺) < 𝑓 (𝑋⃗𝑐
𝑖,𝐺) then

𝑃𝐺+1 ← 𝑈⃗ 𝑐
𝑖,𝐺; 𝐴 ← 𝑋⃗𝑐

𝑖,𝐺 ;
Compute the 𝑅𝑐

𝑖,𝑠𝑚,𝐺 and 𝐼 𝑐
𝑠𝑚,𝐺 by (16) and (17);

𝑆𝐶𝑅𝑐
𝑠𝑚,𝐺 ← 𝐶𝑅𝑐

𝑖,𝐺; 𝑆𝐹 𝑐
𝑠𝑚,𝐺 ← 𝐹 𝑐

𝑖,𝐺;
else

𝑃𝐺+1 ← 𝑋𝑐
𝑖,𝐺;

end
end
Update 𝜇𝐶𝑅𝑐

𝑚,𝐺, 𝜇𝐹 𝑐
𝑚,𝐺 , 𝑚 = 1, 2, 3, 4;

end
Update 𝜇𝐴𝐶𝑅𝑚,𝐺, 𝜇𝐴𝐹𝑚,𝐺 𝑚 = 1, 2, 3, 4;
/* Extra-cluster evolution phase */
Construct the EcPop;
Compute selection probabilities 𝑝𝑒𝑚,𝐺 for the mutation strategies of the EcPop;
for 𝑖 = 1 to 𝑁𝐸𝐺 do

𝑠𝑒𝑚 =Select a mutation strategy using roulette wheel;
Generate 𝐶𝑅𝑒

𝑖,𝐺 and 𝐹 𝑒
𝑖,𝐺;

Generate the 𝑉 𝑒
𝑖,𝐺;

Generate the 𝑈⃗ 𝑒
𝑖,𝐺;

Handle out-of-bounds elements ;
Compute the 𝑓 (𝑈⃗ 𝑒

𝑖,𝐺) ;
𝐹𝐸𝑠 = 𝐹𝐸𝑠 + 1;
if 𝑓 (𝑈⃗ 𝑒

𝑖,𝐺) < 𝑓 (𝑋⃗𝑒
𝑖,𝐺) then

Compute the 𝑅𝑒
𝑖,𝑠𝑒𝑚,𝐺 and 𝐼𝑒

𝑠𝑒𝑚,𝐺;
𝑆𝐶𝑅𝑒

𝑠𝑒𝑚,𝐺 ← 𝐶𝑅𝑒
𝑖,𝐺; 𝑆𝐹 𝑒

𝑠𝑒𝑚,𝐺 ← 𝐹 𝑒
𝑖,𝐺;

end
𝑙𝑐 = Locate the cluster closest to the 𝑈⃗ 𝑒

𝑖,𝐺;
Replace the first individual in the cluster 𝑙𝑐 worse than the 𝑈⃗ 𝑒

𝑖,𝐺 with the 𝑈⃗ 𝑒
𝑖,𝐺;

end
Upgrade 𝜇𝐶𝑅𝑒

𝑚,𝐺 and 𝜇𝐹 𝑒
𝑚,𝐺 𝑚 = 1, 2 ;

𝐺 = 𝐺 + 1;
end
w

number of function evaluations. Each element in EcPop is marked using
the superscript 𝑒 to distinguish between intra-cluster and extra-cluster
elements, for example 𝐶𝑅𝑒

𝑖,𝐺 and 𝐹 𝑒
𝑖,𝐺.

MHDE uses two efficient mutation strategies to form a mutation
ool and ensure a balance between exploration and exploitation in
cPop, which are listed below.
8

• DE/current-to-pbest/1 E
𝑉 𝑒
𝑖,𝐺 = 𝑋⃗𝑒

𝑖,𝐺 + 𝐹 𝑒
𝑖,𝐺 ⋅

(

𝑋⃗𝑒
𝑝,𝐺 − 𝑋⃗𝑒

𝑖,𝐺

)

+ 𝐹 𝑒
𝑖,𝐺 ⋅

(

𝑋⃗𝑒
𝑟1,𝐺 − ̂⃗𝑋

𝑒

𝑟3,𝐺

)

• DE/rand-to-pbest/1

𝑉 𝑒
𝑖,𝐺 = 𝑋⃗𝑒

𝑟1,𝐺 + 𝐹 𝑒
𝑖,𝐺 ⋅

(

𝑋⃗𝑒
𝑝,𝐺 − 𝑋⃗𝑒

𝑟1,𝐺

)

+ 𝐹 𝑒
𝑖,𝐺 ⋅

(

𝑋⃗𝑒
𝑟2,𝐺 − ̂⃗𝑋

𝑒

𝑟3,𝐺

)

here 𝑋⃗𝑒
𝑝,𝐺 is randomly selected from the top 𝑝% of individuals in

cPop, and 𝑋⃗𝑒 and 𝑋⃗𝑒 are mutually dissimilar random individuals
𝑟1,𝐺 𝑟2,𝐺
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Fig. 4. Flowchart of the MHDE algorithm.

Table 2
Parameters settings.
Algorithm Parameter settings

SDE 𝐹𝑖 = 𝐹𝑖4 + 𝑟𝑎𝑛𝑑𝑛(0, 0.5) ⋅ (𝐹𝑖5 − 𝐹𝑖6);𝐶𝑅𝑖 = 𝑟𝑎𝑛𝑑𝑛(0.5, 0.15)
SaDE 𝐿𝑃 = 50;𝐹𝑖,𝐺 = 𝑟𝑎𝑛𝑑𝑛(0.5, 0.3)
JADE 𝑝 = 0.05; 𝑐 = 0.1
AGDE 𝑝 = 0.1
EDEV 𝜆1 = 𝜆2 = 𝜆3 = 0.1, 𝑛𝑔 = 20
DEET 𝑝 = 0.05; 𝑐1 = 0.1
DCDE 𝑚 = 1; 𝑛 = 3
EHDE 𝜆 = 0.5
MHDE 𝑤 = 0.1; 𝑇𝑆 = 10;𝐵𝑝 = 0.2;𝑁𝐶𝑚𝑎𝑥 = 20;𝑁𝐶𝑚𝑖𝑛 = 5; 𝑒 = 0.8

in EcPop. ̂⃗𝑋
𝑒

𝑟3,𝐺 represents a random individual obtained from EcPop∪
𝐴. 𝐴 represents an external archive population that is initially empty
where inferior individuals are added as the population evolves. If 𝐴
becomes full, the incoming individuals replace the random individuals
within 𝐴. The capacity of 𝐴 is equal to population size 𝑁𝑃 .

In addition, the parameter mechanism in EcPop is the same as that
in intra-cluster evolution.

To minimize overlapping searches between clusters, each trial vec-
tor 𝑈⃗ 𝑒

𝑖,𝐺 in EcPop was added to the closest cluster to replace the first
individual that was worse than the trial vector. The distance between
9

the trial vector and clusters is calculated using Eq. (22).

𝐷𝑖𝑠𝑖,𝑗 = ‖𝑈⃗ 𝑒
𝑖,𝐺 −𝑀𝑒𝑎𝑛(𝑐𝑗 )‖2 (22)

where 𝑀𝑒𝑎𝑛(𝑐𝑗 ) represents the mean of the individuals within cluster
𝑐𝑗 .

Algorithm 3 presents the pseudocode of the MHDE algorithm to
better illustrate the operational process and algorithm structure of the
MHDE. The main operational structure of the MHDE algorithm is shown
in Fig. 4.

6. Experimental results and analysis

The MHDE algorithm was experimentally compared with classical
and efficient DE variants to test its optimization capability.

6.1. Experimental settings

The compared algorithms included the well-known DE variants
SDE (Omran et al., 2005), JADE (Zhang & Sanderson, 2009) and
SaDE (Qin et al., 2009), and recently proposed excellent DE vari-
ants AGDE (Mohamed & Mohamed, 2019), DEET (Li & Li, 2020),
DEV (Wu et al., 2018), DCDE (Deng et al., 2022) and EHDE (Zhong &
heng, 2021). The CEC2017 (Awad et al., 2016) benchmark suite was
mployed for the comparative experiments.

The test functions from CEC2017 can be broadly divided into two
ategories: unimodal (F1-F3) and multimodal (F4-F30) functions. The
ultimodal functions can be further classified into three types: simple
ultimodal (F4-F10), hybrid (F11-F20), and composition (F21-F30)

unctions.
Each algorithm was run independently 30 times to ensure the fair-

ess of the experiment, the maximum number of function evaluations
as 𝑀𝑎𝑥𝐹𝐸𝑠 = 10000×𝐷, and the population size 𝑁𝑃 was set to 100.

The mean and std were used as the performance evaluation cri-
eria. The Wilcoxon test was employed as a non-parametric test to
ssess the comparative performance of the algorithms. Specifically, the
ilcoxon test was utilized to determine the statistical significance of

he differences between the comparators and the MHDE algorithm at a
ignificance level of 0.05. The test results were summarized using three
ssessments: ‘‘+’’, ‘‘≈’’, and ‘‘-’’, indicating that MHDE was significantly
etter than the comparator, there was no significant difference, and
he comparator was significantly better than the MHDE, respectively. ℎ
epresents the results of the Wilcoxon test. Additionally, the Friedman
est was introduced to rank the algorithms, and the rankings are
enoted as ’f-rank’.

The operating system of the experimental environment was Win-
ows 10, the software was MATLAB 2020b, and the processor was an
ntel(R) Core(TM) i5-9300H CPU @ 2.40 GHz 2.40 GHz with 8G RAM.

The parameter settings from our previous work were used for each
f the participating algorithms. The parameter settings for the MHDE
nd comparison algorithms are presented in Table 2. Moreover, the

vectors 𝑂⃗ used in LSH and BLSH were generated from Gaussian distri-
butions. Gaussian distribution is one of the most well-known p-stable
distributions, which has been shown to exhibit good performance in
LSH techniques (Datar et al., 2004).

6.2. Analysis of experimental results

The test results of the algorithms on 30D CEC2017 are listed in
Table 3. The MHDE algorithm demonstrated excellent performance for
unimodal functions F1-F3. Specifically, the MHDE successfully located
the global optimum in F1. Moreover, the mean and std indicated that
the solutions obtained by the MHDE algorithm were satisfactory for
F2 and F3. The MHDE algorithm preformed best for the seven simple
multimodal functions on F5, F6, F7, F8, and F10. For the hybrid
functions, the MHDE algorithm performed best for F17 and F18, and
second-best for F11, F15, F16 and F19. Finally, for the composition
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Table 3
The comparison results of MHDE with other algorithms on 30D CEC2017.

Functions Item SDE SaDE JADE AGDE EDEV DEET DCDE EHDE MHDE

F1
mean± std 4.41E+03 ± 4.79E+03 0.00E+00 ± 0.00E+00 3.79E−25 ± 5.51E−25 7.04E−23 ± 1.21E−22 0.00E+00 ± 0.00E+00 0.00E+00 ± 0.00E+00 3.59E−20 ± 1.13E−19 2.82E−01 ± 8.62E−01 0.00E+00 ± 0.00E+00
f-rank h 9 + 3.15 ≈ 4.95 + 5.45 + 3.15 ≈ 3.15 ≈ 5 + 8 + 3.15

F2
mean± std 5.39E+16 ± 1.69E+17 1.11E−10 ± 3.34E−10 8.36E−13 ± 1.43E−12 9.11E−06 ± 2.64E−05 3.34E−14 ± 5.16E−14 7.32E+10 ± 2.32E+11 3.68E+09 ± 7.07E+09 4.75E+00 ± 1.01E+01 1.79E−11 ± 2.81E−11
f-rank h 8.9 + 3.6 ≈ 2.6 − 5.7 + 1.5 − 3.8 ≈ 8 + 6.9 + 4

F3
mean± std 4.64E+04 ± 1.08E+04 8.68E−20 ± 1.47E−19 1.50E+04 ± 2.04E+04 1.34E−22 ± 3.15E−22 2.29E−03 ± 7.19E−03 4.07E+03 ± 6.11E+03 1.36E+01 ± 1.27E+01 1.27E−03 ± 1.10E−03 3.99E−19 ± 9.48E−19
f-rank h 9 + 3.4 ≈ 6.1 + 1.8 − 5.1 + 3.6 ≈ 7.2 + 6.1 + 2.7

F4
mean± std 8.71E+01 ± 2.07E−01 1.64E+01 ± 2.83E+01 1.41E+01 ± 2.35E+01 1.36E+01 ± 2.66E+01 9.20E−01 ± 1.64E+00 5.38E+01 ± 1.90E+01 8.64E+01 ± 2.77E−01 2.57E+01 ± 3.23E+01 2.63E+01 ± 3.23E+01
f-rank h 9 + 3.7 ≈ 3.8 ≈ 3.9 ≈ 2.3 ≈ 5.5 ≈ 8 + 4.9 ≈ 3.9

F5
mean± std 2.46E+01 ± 5.69E+00 4.53E+01 ± 1.00E+01 4.47E+01 ± 5.02E+00 7.25E+01 ± 9.28E+00 4.09E+01 ± 7.10E+00 2.18E+01 ± 4.74E+00 2.01E+01 ± 5.85E+00 1.07E+02 ± 2.48E+01 1.69E+01 ± 5.05E+00
f-rank h 3.2 + 6.1 + 6.1 + 8.1 + 5.6 + 2.6 ≈ 2.6 ≈ 8.9 + 1.8

F6
mean± std 2.77E−09 ± 6.69E−09 1.19E−02 ± 3.77E−02 1.48E−05 ± 5.36E−06 0.00E+00 ± 0.00E+00 1.44E−10 ± 2.78E−10 0.00E+00 ± 0.00E+00 2.94E−07 ± 4.69E−07 5.98E+00 ± 4.81E+00 0.00E+00 ± 0.00E+00
f-rank h 4.05 ≈ 3.9 ≈ 7.9 + 2.95 ≈ 5.9 + 2.95 ≈ 5.4 + 9 + 2.95

F7
mean± std 5.90E+01 ± 7.51E+00 8.91E+01 ± 8.97E+00 7.51E+01 ± 9.44E+00 1.14E+02 ± 6.47E+00 7.46E+01 ± 6.30E+00 5.31E+01 ± 8.51E+00 5.04E+01 ± 4.45E+00 1.61E+02 ± 3.32E+01 4.76E+01 ± 6.15E+00
f-rank h 3.6 + 6.7 + 5.4 + 8 + 5.7 + 2.7 ≈ 2.1 ≈ 9 + 1.8

F8
mean± std 2.86E+01 ± 8.95E+00 4.38E+01 ± 1.03E+01 4.23E+01 ± 4.89E+00 7.59E+01 ± 8.92E+00 4.31E+01 ± 4.49E+00 2.41E+01 ± 4.67E+00 1.72E+01 ± 4.60E+00 9.34E+01 ± 1.41E+01 1.75E+01 ± 4.12E+00
f-rank h 3.6 + 6 + 5.9 + 8.2 + 5.7 + 3.2 + 1.8 ≈ 8.8 + 1.8

F9
mean± std 6.33E−02 ± 1.48E−01 1.34E+00 ± 1.16E+00 8.95E−03 ± 2.83E−02 1.09E−01 ± 2.09E−01 5.44E−02 ± 1.72E−01 7.01E−29 ± 2.09E−31 7.40E−29 ± 3.61E−30 7.41E+02 ± 4.82E+02 4.54E−02 ± 1.44E−01
f-rank h 4.15 ≈ 8 + 3.15 ≈ 5.95 + 3.55 ≈ 2.85 ≈ 5.45 − 9 + 2.9

F10
mean± std 5.26E+03 ± 9.43E+02 4.15E+03 ± 2.23E+02 3.35E+03 ± 2.42E+02 4.12E+03 ± 2.62E+02 3.58E+03 ± 6.66E+02 1.95E+03 ± 7.22E+02 1.91E+03 ± 4.78E+02 3.40E+03 ± 4.47E+02 1.77E+03 ± 6.31E+02
f-rank h 8.6 + 7.4 + 5.3 + 7.1 + 5.8 + 2.1 ≈ 2.2 ≈ 4.8 + 1.7

F11
mean± std 5.01E+01 ± 2.84E+01 5.31E+01 ± 2.88E+01 4.07E+01 ± 2.71E+01 1.91E+01 ± 1.83E+01 2.57E+01 ± 1.64E+01 2.08E+01 ± 1.74E+01 5.89E+01 ± 2.66E+01 1.19E+02 ± 4.68E+01 2.79E+01 ± 2.40E+01
f-rank h 5.2 ≈ 6 + 5.1 ≈ 2.9 ≈ 4.1 ≈ 3.4 ≈ 6.2 + 8.7 + 3.4

F12
mean± std 6.83E+04 ± 3.68E+04 6.96E+03 ± 6.63E+03 3.62E+03 ± 2.67E+03 5.76E+03 ± 5.34E+03 3.18E+03 ± 2.16E+03 2.68E+03 ± 1.87E+03 1.31E+04 ± 1.29E+04 1.83E+04 ± 9.19E+03 5.12E+03 ± 4.03E+03
f-rank h 9 + 4.1 ≈ 3.8 ≈ 4.1 ≈ 3.5 ≈ 2.8 ≈ 6.2 ≈ 6.8 + 4.7

F13
mean± std 8.89E+03 ± 6.19E+03 3.97E+01 ± 2.05E+01 1.59E+03 ± 4.87E+03 6.61E+01 ± 7.72E+01 8.49E+01 ± 9.19E+01 2.03E+01 ± 1.20E+01 4.96E+03 ± 6.10E+03 1.24E+04 ± 1.71E+04 3.63E+01 ± 1.61E+01
f-rank h 7.8 + 3 ≈ 4.5 ≈ 4 ≈ 4.9 ≈ 1.4 − 7.4 + 8.2 + 3.8

F14
mean± std 4.06E+01 ± 1.01E+01 2.86E+01 ± 1.54E+01 8.41E+03 ± 9.94E+03 1.18E+01 ± 6.35E+00 4.10E+01 ± 4.89E+00 3.59E+03 ± 4.32E+03 3.30E+01 ± 5.68E+00 1.07E+02 ± 5.52E+01 3.23E+01 ± 7.75E+00
f-rank h 5.3 + 3.3 ≈ 7 + 1.3 − 5.8 + 6.9 + 3.9 ≈ 7.8 + 3.7

F15
mean± std 3.05E+02 ± 3.75E+02 5.13E+01 ± 4.82E+01 3.69E+03 ± 4.98E+03 1.33E+01 ± 8.57E+00 1.98E+01 ± 7.99E+00 9.10E+02 ± 1.85E+03 3.37E+03 ± 7.80E+03 8.81E+02 ± 1.70E+03 1.19E+01 ± 6.46E+00
f-rank h 6.7 + 5.5 + 5.4 ≈ 2.3 ≈ 3.6 ≈ 4.4 ≈ 7 + 7.6 + 2.5

F16
mean± std 2.92E+02 ± 1.34E+02 3.76E+02 ± 1.17E+02 6.11E+02 ± 1.18E+02 3.62E+02 ± 1.19E+02 5.79E+02 ± 1.29E+02 2.61E+02 ± 1.19E+02 1.28E+02 ± 1.34E+02 9.13E+02 ± 3.25E+02 2.04E+02 ± 1.62E+02
f-rank h 3.9 ≈ 4.6 + 7.5 + 4.5 + 7.5 + 3.2 ≈ 2.3 ≈ 8.7 + 2.8

F17
mean± std 8.37E+01 ± 4.99E+01 5.79E+01 ± 1.01E+01 1.33E+02 ± 4.14E+01 6.14E+01 ± 2.31E+01 1.13E+02 ± 4.38E+01 5.91E+01 ± 3.63E+01 5.91E+01 ± 1.88E+01 3.53E+02 ± 1.21E+02 2.83E+01 ± 1.47E+01
f-rank h 4.9 + 4 + 7.2 + 4.1 + 6.5 + 3.6 + 4.1 + 9 + 1.6

F18
mean± std 6.28E+04 ± 5.67E+04 3.98E+01 ± 1.40E+01 5.74E+04 ± 1.00E+05 1.82E+02 ± 2.02E+02 3.47E+01 ± 4.46E+00 1.13E+04 ± 2.62E+04 5.98E+03 ± 5.67E+03 4.98E+03 ± 3.90E+03 2.74E+01 ± 1.88E+00
f-rank h 8.4 + 3.5 + 5.3 + 5.3 + 3.1 + 3.8 ≈ 7.2 + 6.9 + 1.5

F19
mean± std 5.96E+02 ± 1.65E+03 2.58E+01 ± 1.67E+01 2.68E+03 ± 5.92E+03 6.73E+00 ± 4.08E+00 1.64E+01 ± 2.66E+00 1.24E+03 ± 3.81E+03 3.54E+02 ± 7.79E+02 8.51E+02 ± 1.95E+03 7.71E+00 ± 2.90E+00
f-rank h 7.3 + 5.5 + 4.8 + 1.7 ≈ 5.6 + 5.2 + 4.7 + 8.1 + 2.1

F20
mean± std 8.34E+01 ± 7.10E+01 7.43E+01 ± 4.75E+01 1.63E+02 ± 6.88E+01 1.01E+02 ± 4.44E+01 1.16E+02 ± 6.00E+01 8.50E+01 ± 6.52E+01 6.08E+01 ± 5.02E+01 3.17E+02 ± 1.43E+02 1.15E+02 ± 1.11E+02
f-rank h 3.5 ≈ 4 ≈ 6.9 ≈ 5.4 ≈ 5.4 ≈ 3.9 ≈ 2.9 ≈ 8.8 + 4.2

F21
mean± std 2.29E+02 ± 6.40E+00 2.33E+02 ± 9.29E+00 2.40E+02 ± 5.60E+00 2.78E+02 ± 5.30E+00 2.44E+02 ± 7.50E+00 2.31E+02 ± 7.46E+00 2.19E+02 ± 4.86E+00 2.98E+02 ± 2.26E+01 2.19E+02 ± 5.51E+00
f-rank h 3.7 + 4.7 + 5.8 + 8.2 + 6.5 + 4 + 1.5 ≈ 8.8 + 1.8

F22
mean± std 7.22E+02 ± 1.97E+03 1.00E+02 ± 0.00E+00 1.00E+02 ± 8.20E−15 1.00E+02 ± 1.34E−14 1.00E+02 ± 0.00E+00 2.76E+02 ± 5.56E+02 2.12E+03 ± 1.23E+03 1.01E+02 ± 1.77E+00 1.00E+02 ± 0.00E+00
f-rank h 4.35 ≈ 3.75 ≈ 4.7 ≈ 4.5 ≈ 3.75 ≈ 4.3 ≈ 7.9 + 8 + 3.75

F23
mean± std 3.80E+02 ± 9.02E+00 3.78E+02 ± 1.12E+01 3.85E+02 ± 1.11E+01 4.07E+02 ± 2.03E+01 3.92E+02 ± 7.57E+00 3.82E+02 ± 9.49E+00 3.69E+02 ± 6.25E+00 4.81E+02 ± 4.57E+01 3.66E+02 ± 5.40E+00
f-rank h 4.1 + 4 + 5.3 + 6.8 + 6.7 + 5 + 2.5 ≈ 9 + 1.6

F24
mean± std 4.58E+02 ± 1.01E+01 4.48E+02 ± 9.36E+00 4.52E+02 ± 9.58E+00 4.60E+02 ± 8.81E+00 4.48E+02 ± 7.50E+00 4.44E+02 ± 4.84E+00 4.40E+02 ± 5.03E+00 5.38E+02 ± 5.29E+01 4.35E+02 ± 6.18E+00
f-rank h 6.5 + 4.3 + 5.7 + 7.1 + 4.7 + 3.5 + 2.7 ≈ 9 + 1.5

F25
mean± std 3.88E+02 ± 7.67E−01 3.89E+02 ± 7.76E+00 3.87E+02 ± 1.98E−01 3.87E+02 ± 1.16E+00 3.79E+02 ± 1.38E+00 3.87E+02 ± 1.48E−01 3.87E+02 ± 3.65E−01 3.92E+02 ± 8.42E+00 3.87E+02 ± 3.30E−01
f-rank h 8 + 5.6 ≈ 3.9 ≈ 4.7 ≈ 1 − 3.7 ≈ 5.7 ≈ 7.9 + 4.5

F26
mean± std 1.36E+03 ± 1.30E+02 1.04E+03 ± 3.98E+02 1.20E+03 ± 3.65E+02 1.20E+03 ± 1.92E+02 1.25E+03 ± 9.97E+01 1.24E+03 ± 6.19E+01 1.21E+03 ± 8.43E+01 2.44E+03 ± 2.93E+02 1.13E+03 ± 1.12E+02
f-rank h 6.2 + 4.2 ≈ 5.9 + 3.4 ≈ 5 + 5 + 4.1 + 9 + 2.2

F27
mean± std 5.06E+02 ± 3.33E+00 5.08E+02 ± 7.89E+00 5.09E+02 ± 2.84E+00 5.03E+02 ± 6.91E+00 5.00E+02 ± 1.97E−04 5.03E+02 ± 6.78E+00 5.04E+02 ± 5.78E+00 5.37E+02 ± 1.17E+01 5.02E+02 ± 4.24E+00
f-rank h 5.6 ≈ 5.5 ≈ 6.3 + 4.2 ≈ 2.3 − 3.6 ≈ 4.7 ≈ 9 + 3.8

F28
mean± std 4.06E+02 ± 1.36E+01 3.42E+02 ± 5.48E+01 3.49E+02 ± 6.39E+01 3.26E+02 ± 5.55E+01 4.14E+02 ± 7.17E+01 3.33E+02 ± 5.34E+01 4.18E+02 ± 1.94E+01 3.27E+02 ± 5.78E+01 3.11E+02 ± 3.60E+01
f-rank h 6.4 + 3.4 ≈ 4.65 ≈ 3.95 ≈ 6.75 + 3.55 ≈ 7.5 + 5.4 + 3.4

F29
mean± std 4.74E+02 ± 4.90E+01 4.84E+02 ± 4.02E+01 5.35E+02 ± 2.24E+01 4.74E+02 ± 3.12E+01 4.08E+02 ± 5.25E+01 4.43E+02 ± 3.24E+01 4.79E+02 ± 6.00E+01 9.06E+02 ± 2.47E+02 4.38E+02 ± 1.52E+01
f-rank h 5.2 + 5.7 + 7.5 + 4.9 + 2.1 ≈ 3.2 ≈ 5.1 + 8.8 + 2.5

F30
mean± std 4.43E+03 ± 1.67E+03 2.29E+03 ± 1.71E+02 3.84E+03 ± 5.08E+03 3.66E+03 ± 2.35E+03 2.78E+02 ± 8.60E+01 2.09E+03 ± 1.36E+02 3.95E+03 ± 1.82E+03 5.93E+03 ± 2.76E+03 2.07E+03 ± 6.09E+01
f-rank h 7.6 + 4.6 + 5 + 6.1 + 1 − 2.7 ≈ 7 + 8.1 + 2.9

+/≈/− 23/7/0 16/14/0 19/10/1 15/13/2 16/10/4 8/21/1 16/13/1 29/1/0
average f-rank 6.09 4.71 5.45 4.88 4.47 3.65 4.95 7.97 2.83
Fig. 5. The boxplots of the comparison of MHDE with other algorithms.
functions, the MHDE algorithm ranked first on five of the ten functions,
including F22, F23, F24, F26, and F28. The average f-rank showed
that the proposed MHDE algorithm performed best at 2.83, and the
+/≈/- showed that the MHDE algorithm significantly outperformed its
competitors on 23, 16, 19, 15, 16, 8, 16, and 29 functions, respec-
tively. In conclusion, the MHDE demonstrated excellent optimization
10

performance on unimodal and multimodal problems in 30D CEC2017.
The test results of the algorithms for 50D CEC2017 are listed in
Table 4. For unimodal functions, the MHDE and DEET algorithms
achieved the same accuracy of 10−22 in F1. Additionally, MHDE per-
formed third best in F2 after JADE and EDEV, and second best in
F3 after AGDE. Overall, the performance of the MHDE algorithm for
unimodal functions remained impressive. For simple multimodal func-

tions, the MHDE algorithm achieved the second-best performance on
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Table 4
The comparison results of MHDE with other algorithms on 50D CEC2017.

Functions Item SDE SaDE JADE AGDE EDEV DEET DCDE EHDE MHDE

F1
mean± std 1.63E+05 ± 3.35E+05 7.99E−11 ± 2.09E−10 2.61E−19 ± 4.60E−19 4.11E+03 ± 4.00E+03 4.86E−20 ± 1.02E−19 1.43E−22 ± 1.30E−22 2.66E−03 ± 3.19E−03 5.57E+03 ± 5.07E+03 1.93E−22 ± 1.12E−22
f-rank h 8.4 + 5 + 3.8 + 7.7 + 2.5 ≈ 1.7 ≈ 6 + 7.9 + 2

F2
mean± std 4.06E+34 ± 1.28E+35 8.17E+01 ± 7.00E+01 1.46E−09 ± 3.07E−09 1.31E+01 ± 2.59E+01 1.64E−10 ± 1.97E−10 1.61E+16 ± 5.08E+16 5.39E+23 ± 1.70E+24 5.13E+04 ± 1.24E+05 5.91E−08 ± 1.55E−07
f-rank h 9 + 5.6 + 2.2 ≈ 5.1 + 2.1 ≈ 3.3 ≈ 8 + 6.9 + 2.8

F3
mean± std 1.39E+05 ± 2.06E+04 1.05E−05 ± 1.81E−05 1.87E+04 ± 4.06E+04 7.20E−10 ± 1.53E−09 2.97E+01 ± 5.27E+01 1.42E+04 ± 2.45E+04 5.20E+02 ± 3.36E+02 1.03E+00 ± 8.78E−01 2.25E−03 ± 7.11E−03
f-rank h 9 + 4.3 − 5 + 1.7 − 5.7 + 3 ≈ 7.4 + 5.9 + 3

F4
mean± std 1.38E+02 ± 3.70E+01 4.19E+01 ± 5.23E+01 3.82E+01 ± 5.00E+01 5.91E+01 ± 4.62E+01 2.66E+01 ± 3.02E+01 3.86E+01 ± 3.75E+01 1.41E+02 ± 3.62E+01 8.30E+01 ± 3.64E+01 4.28E+01 ± 5.07E+01
f-rank h 7.6 + 3.75 ≈ 3.7 ≈ 5.2 ≈ 3.4 ≈ 3.35 ≈ 8.2 + 5.9 ≈ 3.9

F5
mean± std 6.10E+01 ± 2.04E+01 9.02E+01 ± 2.88E+01 8.63E+01 ± 9.19E+00 2.17E+02 ± 1.42E+01 6.69E+01 ± 1.66E+01 5.27E+01 ± 1.41E+01 3.30E+01 ± 6.68E+00 2.64E+02 ± 4.22E+01 4.35E+01 ± 8.10E+00
f-rank h 4.1 + 6 + 6.2 + 8.2 + 4.7 + 3.3 ≈ 1.4 − 8.8 + 2.3

F6
mean± std 9.72E−07 ± 2.70E−06 1.10E−01 ± 1.95E−01 3.82E−06 ± 4.51E−06 0.00E+00 ± 0.00E+00 1.25E−15 ± 2.54E−15 0.00E+00 ± 0.00E+00 5.93E−07 ± 7.28E−07 2.28E+01 ± 6.94E+00 2.24E−05 ± 3.23E−05
f-rank h 5 − 5.75 ≈ 5.8 − 2.05 − 2.75 − 2.05 − 5.3 − 9 + 7.3

F7
mean± std 1.00E+02 ± 6.34E+00 2.04E+02 ± 4.52E+01 1.38E+02 ± 1.17E+01 2.75E+02 ± 1.00E+01 1.32E+02 ± 1.68E+01 9.81E+01 ± 1.35E+01 8.28E+01 ± 1.04E+01 4.41E+02 ± 6.08E+01 8.56E+01 ± 5.31E+00
f-rank h 3.4 + 6.8 + 5.7 + 8 + 5.4 + 3.2 ≈ 1.6 ≈ 9 + 1.9

F8
mean± std 6.07E+01 ± 1.75E+01 8.95E+01 ± 2.47E+01 9.18E+01 ± 1.17E+01 2.11E+02 ± 1.70E+01 7.60E+01 ± 1.55E+01 5.07E+01 ± 1.05E+01 3.28E+01 ± 7.06E+00 2.47E+02 ± 4.01E+01 4.49E+01 ± 8.21E+00
f-rank h 3.7 + 5.7 + 6.6 + 8.1 + 5.1 + 3.2 ≈ 1.1 − 8.9 + 2.6

F9
mean± std 7.51E−01 ± 5.69E−01 1.56E+01 ± 2.70E+01 4.98E−01 ± 4.59E−01 8.70E−01 ± 5.42E−01 1.61E+00 ± 1.26E+00 7.17E−01 ± 9.71E−01 3.11E−28 ± 7.05E−30 5.02E+03 ± 1.04E+03 6.47E+00 ± 4.97E+00
f-rank h 4.2 − 7.2 ≈ 3.25 − 4.8 − 5.35 − 3.1 − 1.4 − 9 + 6.7

F10
mean± std 8.91E+03 ± 3.24E+03 8.33E+03 ± 3.25E+02 5.73E+03 ± 2.94E+02 8.66E+03 ± 4.49E+02 6.32E+03 ± 7.76E+02 3.84E+03 ± 6.69E+02 4.61E+03 ± 7.31E+02 6.15E+03 ± 6.57E+02 4.03E+03 ± 6.34E+02
f-rank h 7.2 + 7.7 + 4.7 + 8.1 + 5.6 + 1.7 ≈ 2.8 + 5.4 + 1.8

F11
mean± std 4.37E+01 ± 7.21E+00 1.21E+02 ± 3.59E+01 1.68E+02 ± 6.47E+01 5.01E+01 ± 1.30E+01 6.47E+01 ± 2.19E+01 1.02E+02 ± 2.87E+01 5.22E+01 ± 1.71E+01 1.92E+02 ± 5.71E+01 8.46E+01 ± 3.60E+01
f-rank h 2 − 7.1 + 7.5 + 2.5 − 3.7 ≈ 6.1 ≈ 2.6 − 8.4 + 5.1

F12
mean± std 1.16E+06 ± 7.00E+05 6.83E+04 ± 4.50E+04 1.42E+04 ± 1.40E+04 3.31E+04 ± 2.01E+04 8.78E+03 ± 7.29E+03 7.63E+03 ± 6.84E+03 1.10E+05 ± 7.13E+04 1.22E+05 ± 9.88E+04 7.20E+03 ± 5.64E+03
f-rank h 9 + 6.1 + 3.3 ≈ 4.7 + 2.4 ≈ 2.5 ≈ 7.3 + 7 + 2.7

F13
mean± std 4.34E+03 ± 6.86E+03 1.46E+03 ± 1.47E+03 2.84E+02 ± 3.05E+02 2.43E+03 ± 4.08E+03 1.27E+02 ± 2.90E+01 1.15E+03 ± 2.09E+03 8.34E+03 ± 1.00E+04 7.19E+03 ± 7.97E+03 2.41E+02 ± 4.43E+02
f-rank h 6.5 + 5.6 + 2.9 ≈ 6 + 2.1 ≈ 4.2 + 7.9 + 7.7 + 2.1

F14
mean± std 7.99E+03 ± 7.18E+03 1.53E+02 ± 4.87E+01 1.40E+02 ± 4.87E+01 3.11E+02 ± 3.71E+02 6.10E+01 ± 1.72E+01 2.56E+04 ± 6.04E+04 2.82E+02 ± 4.39E+02 6.16E+02 ± 4.38E+02 1.20E+02 ± 4.75E+01
f-rank h 8.8 + 4.4 ≈ 4.4 ≈ 4.6 ≈ 1.3 − 6.3 + 3.8 ≈ 7.5 + 3.9

F15
mean± std 6.93E+03 ± 5.14E+03 2.54E+02 ± 8.17E+01 1.58E+02 ± 6.74E+01 3.50E+03 ± 4.22E+03 2.68E+02 ± 3.18E+02 1.17E+02 ± 7.60E+01 1.45E+04 ± 9.88E+03 9.21E+03 ± 7.68E+03 5.90E+01 ± 1.79E+01
f-rank h 7.6 + 4.3 + 3.1 + 6.9 + 4 + 2.7 ≈ 7.7 + 7.4 + 1.3

F16
mean± std 8.38E+02 ± 2.86E+02 5.90E+02 ± 1.97E+02 1.07E+03 ± 1.08E+02 8.77E+02 ± 2.24E+02 7.05E+02 ± 3.02E+02 7.86E+02 ± 3.26E+02 7.28E+02 ± 2.69E+02 1.65E+03 ± 4.70E+02 7.65E+02 ± 2.77E+02
f-rank h 4.4 ≈ 2.9 ≈ 7.1 + 5.5 ≈ 3.8 ≈ 4.3 ≈ 4 ≈ 8.6 + 4.4

F17
mean± std 4.09E+02 ± 2.17E+02 4.67E+02 ± 1.27E+02 7.49E+02 ± 1.47E+02 6.25E+02 ± 1.04E+02 6.45E+02 ± 1.91E+02 5.80E+02 ± 2.37E+02 2.18E+02 ± 1.58E+02 1.29E+03 ± 3.04E+02 5.20E+02 ± 2.79E+02
f-rank h 3.6 ≈ 3.9 ≈ 7.1 + 5.4 ≈ 5.5 ≈ 4.9 ≈ 1.6 − 8.8 + 4.2

F18
mean± std 5.13E+05 ± 2.89E+05 1.19E+03 ± 1.42E+03 1.97E+02 ± 9.93E+01 4.77E+03 ± 2.97E+03 1.64E+02 ± 1.46E+02 9.91E+01 ± 7.97E+01 1.96E+04 ± 8.96E+03 1.73E+04 ± 1.05E+04 9.61E+02 ± 1.07E+03
f-rank h 9 + 4.4 ≈ 3 ≈ 6 + 2.4 − 1.6 − 7.6 + 7.3 + 3.7

F19
mean± std 1.37E+04 ± 7.94E+03 5.91E+01 ± 3.16E+01 5.43E+01 ± 1.79E+01 8.58E+02 ± 2.07E+03 8.16E+01 ± 4.57E+01 3.78E+02 ± 8.91E+02 2.65E+03 ± 4.21E+03 3.28E+03 ± 5.67E+03 4.23E+01 ± 2.30E+01
f-rank h 8.7 + 3 ≈ 3 + 5 ≈ 4 + 5.2 + 7.3 + 6.7 + 2.1

F20
mean± std 4.02E+02 ± 1.65E+02 3.75E+02 ± 1.24E+02 6.78E+02 ± 1.94E+02 5.26E+02 ± 1.31E+02 3.07E+02 ± 1.35E+02 4.24E+02 ± 2.08E+02 2.62E+02 ± 1.52E+02 9.15E+02 ± 1.85E+02 4.44E+02 ± 2.46E+02
f-rank h 4.1 ≈ 3.9 ≈ 7.3 + 6.2 ≈ 3.4 ≈ 4.5 ≈ 2.4 ≈ 8.7 + 4.5

F21
mean± std 2.58E+02 ± 1.26E+01 2.70E+02 ± 1.38E+01 2.84E+02 ± 1.21E+01 4.11E+02 ± 1.82E+01 2.64E+02 ± 2.68E+01 2.53E+02 ± 1.24E+01 2.34E+02 ± 7.36E+00 3.96E+02 ± 3.67E+01 2.38E+02 ± 8.25E+00
f-rank h 4.1 + 5.3 + 6.5 + 8.7 + 4.8 + 3.9 + 1.5 ≈ 8.3 + 1.9

F22
mean± std 6.59E+03 ± 2.02E+03 2.74E+03 ± 4.26E+03 4.04E+03 ± 3.24E+03 7.58E+03 ± 3.59E+03 6.92E+03 ± 2.97E+03 4.65E+03 ± 4.97E+02 4.45E+03 ± 1.17E+03 7.27E+03 ± 8.52E+02 4.18E+03 ± 6.66E+02
f-rank h 6 + 3.1 ≈ 4.3 ≈ 7.05 + 6.65 + 4.1 ≈ 3.5 ≈ 7.3 + 3

F23
mean± std 4.90E+02 ± 1.21E+01 4.94E+02 ± 1.45E+01 5.05E+02 ± 1.27E+01 5.94E+02 ± 6.38E+01 4.94E+02 ± 1.38E+01 4.75E+02 ± 1.76E+01 4.59E+02 ± 1.82E+01 6.72E+02 ± 3.26E+01 4.62E+02 ± 1.54E+01
f-rank h 4.7 + 5.2 + 6.1 + 7.4 + 5.3 + 3.3 ≈ 1.8 ≈ 9 + 2.2

F24
mean± std 5.68E+02 ± 1.31E+01 5.74E+02 ± 1.87E+01 5.66E+02 ± 1.26E+01 5.74E+02 ± 1.88E+01 5.50E+02 ± 1.54E+01 5.40E+02 ± 1.32E+01 5.40E+02 ± 1.24E+01 7.75E+02 ± 6.03E+01 5.28E+02 ± 5.42E+00
f-rank h 6 + 6.5 + 5.8 + 6.6 + 4.3 + 2.7 + 2.6 + 9 + 1.5

F25
mean± std 5.32E+02 ± 3.89E+01 5.54E+02 ± 3.90E+01 5.38E+02 ± 2.92E+01 5.29E+02 ± 3.98E+01 4.60E+02 ± 2.03E+01 5.35E+02 ± 3.44E+01 4.80E+02 ± 2.84E−02 5.18E+02 ± 4.11E+01 5.57E+02 ± 2.49E+01
f-rank h 5.6 ≈ 6.8 ≈ 5.7 ≈ 5.3 ≈ 1.2 − 5.6 ≈ 3 − 4.9 ≈ 6.9

F26
mean± std 1.96E+03 ± 1.02E+02 2.25E+03 ± 2.56E+02 1.90E+03 ± 1.60E+02 1.81E+03 ± 4.41E+02 1.76E+03 ± 1.93E+02 1.59E+03 ± 1.31E+02 1.59E+03 ± 1.35E+02 4.26E+03 ± 2.49E+03 1.53E+03 ± 9.33E+01
f-rank h 6.4 + 8 + 5.9 + 5 + 4.6 + 2.6 ≈ 2.9 ≈ 7.4 + 2.2

F27
mean± std 6.21E+02 ± 3.47E+01 6.18E+02 ± 3.87E+01 5.97E+02 ± 1.56E+01 5.73E+02 ± 3.32E+01 5.00E+02 ± 2.21E−04 5.62E+02 ± 4.01E+01 5.46E+02 ± 1.67E+01 8.91E+02 ± 9.12E+01 5.64E+02 ± 3.81E+01
f-rank h 6.8 + 6.8 + 5.8 + 4.6 ≈ 1 − 3.7 ≈ 3 ≈ 9 + 4.3

F28
mean± std 5.08E+02 ± 1.46E+01 4.89E+02 ± 1.92E+01 4.97E+02 ± 1.58E+01 4.97E+02 ± 2.05E+01 4.47E+02 ± 9.76E+00 4.83E+02 ± 2.28E+01 4.88E+02 ± 2.52E+01 4.92E+02 ± 2.00E+01 4.95E+02 ± 1.26E+01
f-rank h 8.2 + 4.3 ≈ 5.1 ≈ 6.2 ≈ 1.3 − 3.7 ≈ 5.6 ≈ 5.7 ≈ 4.9

F29
mean± std 4.63E+02 ± 1.10E+02 4.93E+02 ± 1.20E+02 6.12E+02 ± 6.23E+01 4.82E+02 ± 1.16E+02 4.51E+02 ± 1.04E+02 3.80E+02 ± 4.06E+01 4.56E+02 ± 6.48E+01 1.60E+03 ± 5.27E+02 4.59E+02 ± 1.34E+02
f-rank h 4.5 ≈ 4.7 ≈ 7.4 + 4.7 ≈ 4 ≈ 2.4 ≈ 4.4 ≈ 9 + 3.9

F30
mean± std 8.79E+05 ± 1.70E+05 6.80E+05 ± 6.58E+04 7.08E+05 ± 1.35E+05 7.62E+05 ± 7.79E+04 5.73E+02 ± 1.99E+02 6.63E+05 ± 1.06E+05 6.85E+05 ± 6.92E+04 7.91E+05 ± 1.81E+05 5.95E+05 ± 1.83E+04
f-rank h 7.3 + 5 + 5.6 + 6.9 + 1 − 4.2 ≈ 5.4 + 6.9 + 2.7

+/≈/− 22/5/3 16/13/1 19/9/2 16/10/4 12/10/8 5/22/3 12/11/7 27/3/0
average f-rank 6.16 5.3 5.13 5.81 3.65 3.55 4.3 7.71 3.39
F5, F7, F8, and F10 after only the DCDE or DEET algorithms. Finally,
for complex hybrid and composition functions, MHDE performed best
for F13, F15, F19, F22, F24, and F26, and was closely matched by the
top performers on F12, F21, F23, and F29. From the final statistical
results, it can be seen that the MHDE algorithm performed the best
overall in the Friedman comprehensive test with an average f-rank of
3.39. Additionally, the Wilcoxon test showed that the MHDE algorithm
outperformed the compared algorithms on 22, 16, 19, 16, 12, 5, 12,
and 27 test functions.

In addition, comparative experiments were conducted on 100D
CEC2017 to explore the performance of MHDE on high-dimensional
problems, and the results are presented in Table 5.

The performance of MHDE on 100D problems was not as good as
hose on 30D and 50D problems. However, it still achieved an average
-rank score of 3.65, second only to the DEET algorithm. Moreover, the

ilcoxon test showed that the MHDE algorithm significantly outper-
ormed the compared algorithms on 23, 16, 19, 17, 18, 7, 3, 8, and 27
est functions.

.3. Algorithm stability and convergence analysis

Stability and convergence ability are important indicators for eval-
ating algorithm performance. Therefore, various characteristics were
omprehensively analyzed during the execution of the MHDE algorithm
o explore its stability and convergence ability.
11
6.3.1. Scalability analysis of MHDE
The statistical boxplots of the algorithms for ten test functions are

shown in Fig. 5. The plots show that the MHDE algorithm exhibited a
relatively stable optimization performance.

6.3.2. Comparative convergence analysis
Four qualitative metrics were used to evaluate the convergence

behavior of the algorithms, as shown in Fig. 6. These metrics were
the search history of the population, optimization history curve of the
optimal solution of the population, 1D trajectory of an individual, and
diversity curve of the population.

The population of the MHDE algorithm demonstrated rapid conver-
gence towards promising regions in all four tested functions. The 1D
trajectories of the individuals showed a trend of transitioning from sig-
nificant fluctuations to gradual stability. In addition, the optimization
history and population diversity curves showed continuous downward
trends, which further demonstrated the excellent global convergence
ability of the MHDE algorithm.

The average convergence curves of all tested algorithms on ten
functions were analyzed to compare the convergence ability of the
MHDE algorithm with that of the other algorithms, as shown in Fig. 7.

First, the MHDE algorithm initially converged slower than some
algorithms, but eventually successfully found the global optimum, as
shown in Fig. 7(a). Second, the MHDE exhibited a slower initial con-

vergence speed than those of the SaDE and AGDE algorithms, but a
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Fig. 6. Qualitative metrics:search history, optimization history, trajectory in 1st dimension and population diversity.

Fig. 7. The convergence curves of the comparison of MHDE with other algorithms.

Fig. 8. The entropy value and clustering quantity.
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Table 5
The comparison results of MHDE with other algorithms on 100D CEC2017.

Functions Item SDE SaDE JADE AGDE EDEV DEET DCDE EHDE MHDE

F1
mean±std 1.40E+07 ± 1.97E+07 7.82E−02 ± 1.57E−01 7.93E−11 ± 2.24E−10 8.28E+03 ± 8.90E+03 3.57E−07 ± 9.80E−07 8.57E−17 ± 1.29E−16 4.69E−03 ± 5.74E−03 8.81E+03 ± 1.79E+04 7.98E−15 ± 1.20E−14
f-rank h 9 + 5.9 + 2.9 + 7.6 + 4 + 1.1 - 5.1 + 7.4 + 2

F2
mean±std 4.12E+92 ± 1.13E+93 1.29E+24 ± 4.08E+24 1.51E+55 ± 4.79E+55 1.08E+11 ± 3.42E+11 1.04E+08 ± 2.85E+08 3.82E+20 ± 1.20E+21 1.52E+38 ± 3.18E+38 7.20E+34 ± 1.55E+35 9.61E+07 ± 3.00E+08
f-rank h 9 + 5.6 + 3.8 ≈ 4.3 + 2.7 ≈ 3.1 + 7.6 + 7 + 1.9

F3
mean±std 5.94E+05 ± 5.36E+04 2.41E+03 ± 1.04E+03 1.19E+05 ± 1.54E+05 3.00E+01 ± 4.46E+01 9.78E+02 ± 1.12E+03 1.41E+05 ± 1.84E+05 7.31E+04 ± 1.97E+04 1.70E+03 ± 8.77E+02 7.46E+02 ± 6.89E+02
f-rank h 8.1 + 5.2 + 5.4 + 1.7 ≈ 3.5 ≈ 6.2 + 7.2 + 5.2 + 2.5

F4
mean±std 2.54E+02 ± 2.48E+01 1.97E+02 ± 5.24E+01 8.12E+01 ± 5.36E+01 1.87E+02 ± 5.36E+01 9.19E+01 ± 7.68E+01 7.93E+01 ± 5.97E+01 2.17E+02 ± 7.23E+00 2.19E+02 ± 3.70E+01 1.38E+02 ± 4.11E+01
f-rank h 8.4 + 6 + 2.3 - 5.3 ≈ 2.8 ≈ 2.2 - 6.8 + 7.2 + 4

F5
mean±std 1.54E+02 ± 2.33E+01 3.18E+02 ± 4.19E+01 2.33E+02 ± 2.04E+01 6.67E+02 ± 3.02E+01 1.47E+02 ± 3.36E+01 1.41E+02 ± 2.44E+01 6.65E+01 ± 1.77E+01 6.63E+02 ± 5.47E+01 1.51E+02 ± 1.73E+01
f-rank h 3.6 ≈ 6.9 + 6.1 + 8.4 + 3.6 ≈ 3.3 ≈ 1 - 8.6 + 3.5

F6
mean±std 3.00E−03 ± 3.22E−03 2.49E−02 ± 4.85E−02 6.04E−04 ± 1.91E−03 1.17E−09 ± 3.71E−09 6.04E−04 ± 1.91E−03 3.03E−03 ± 2.97E−03 6.19E−06 ± 5.06E−06 4.09E+01 ± 5.26E+00 2.01E−01 ± 1.82E−01
f-rank h 5.8 - 5.55 - 3.4 - 1.8 - 2.05 - 5.1 - 4.4 - 9 + 7.9

F7
mean±std 2.54E+02 ± 2.36E+01 4.98E+02 ± 5.75E+01 3.66E+02 ± 3.42E+01 8.35E+02 ± 3.56E+01 2.92E+02 ± 1.89E+01 2.50E+02 ± 2.35E+01 1.64E+02 ± 8.41E+00 1.43E+03 ± 2.07E+02 3.15E+02 ± 4.17E+01
f-rank h 2.8 - 6.6 + 5.6 + 8 + 4.3 ≈ 2.6 - 1.6 - 9 + 4.5

F8
mean±std 1.58E+02 ± 2.00E+01 2.87E+02 ± 3.04E+01 2.33E+02 ± 2.66E+01 6.22E+02 ± 1.52E+02 1.81E+02 ± 2.60E+01 1.36E+02 ± 1.12E+01 6.58E+01 ± 1.32E+01 6.40E+02 ± 7.24E+01 1.52E+02 ± 3.05E+01
f-rank h 3.7 ≈ 7.1 + 6 + 8.5 + 4.5 ≈ 2.7 ≈ 1 - 8.3 + 3.2

F9
mean±std 2.61E+01 ± 3.92E+01 3.83E+03 ± 2.62E+03 1.97E+02 ± 1.46E+02 1.18E+02 ± 1.41E+02 1.36E+02 ± 1.23E+02 6.62E+01 ± 4.86E+01 5.44E−02 ± 1.43E−01 1.71E+04 ± 1.57E+03 4.39E+02 ± 2.26E+02
f-rank h 2.5 - 7.5 + 5.4 - 4.4 - 4.7 - 3.6 - 1 - 9 + 6.9

F10
mean±std 1.34E+04 ± 1.17E+03 2.13E+04 ± 7.23E+02 1.52E+04 ± 7.87E+02 2.47E+04 ± 5.18E+02 1.30E+04 ± 1.70E+03 1.03E+04 ± 1.13E+03 1.34E+04 ± 3.87E+03 1.43E+04 ± 1.09E+03 1.15E+04 ± 1.50E+03
f-rank h 4.5 + 7.9 + 6.3 + 9 + 4 + 1.6 ≈ 3.4 ≈ 5.6 + 2.7

F11
mean±std 6.07E+02 ± 3.76E+02 3.54E+02 ± 9.77E+01 3.57E+03 ± 3.84E+03 1.95E+02 ± 5.11E+01 6.39E+02 ± 3.16E+02 6.07E+03 ± 1.24E+03 7.95E+02 ± 1.67E+02 1.08E+03 ± 1.75E+02 6.30E+02 ± 2.83E+02
f-rank h 4.5 ≈ 2.6 - 6.4 ≈ 1.5 - 4.3 ≈ 7.4 ≈ 5.9 ≈ 7.5 + 4.9

F12
mean±std 2.94E+06 ± 1.42E+06 2.81E+05 ± 1.18E+05 6.37E+04 ± 5.34E+04 2.97E+05 ± 9.66E+04 5.98E+04 ± 1.81E+04 7.71E+04 ± 7.51E+03 3.53E+05 ± 1.70E+05 9.67E+05 ± 9.40E+05 6.33E+04 ± 3.37E+04
f-rank h 8.6 + 5.8 + 2.9 ≈ 6 + 2.1 ≈ 3.1 ≈ 6.3 + 7.7 + 2.5

F13
mean±std 3.87E+03 ± 3.75E+03 3.38E+03 ± 3.38E+03 3.40E+03 ± 3.10E+03 1.35E+03 ± 9.52E+02 3.29E+03 ± 2.63E+03 2.02E+03 ± 1.76E+03 3.36E+03 ± 2.94E+03 9.24E+03 ± 3.43E+03 3.53E+03 ± 3.52E+03
f-rank h 5.1 ≈ 4.7 ≈ 4.7 ≈ 3.2 ≈ 5.5 ≈ 3.9 ≈ 5 ≈ 8.5 + 4.4

F14
mean±std 4.65E+05 ± 2.10E+05 5.70E+03 ± 8.34E+03 5.68E+05 ± 1.79E+06 1.58E+04 ± 6.86E+03 3.86E+03 ± 9.78E+03 3.57E+02 ± 1.19E+02 2.16E+04 ± 1.39E+04 1.47E+04 ± 1.00E+04 6.94E+02 ± 4.07E+02
f-rank h 8.9 + 5 + 3.3 + 6.8 + 3.2 + 1.6 - 7.1 + 6.3 + 2.8

F15
mean±std 3.16E+03 ± 4.85E+03 1.21E+03 ± 1.78E+03 6.54E+02 ± 7.45E+02 2.27E+03 ± 2.54E+03 6.54E+02 ± 2.89E+02 3.97E+02 ± 2.83E+02 1.83E+03 ± 2.60E+03 2.26E+03 ± 2.22E+03 9.57E+02 ± 9.67E+02
f-rank h 6.3 ≈ 4.2 ≈ 3.9 ≈ 5.2 ≈ 5 ≈ 3.3 ≈ 5.8 ≈ 6.7 ≈ 4.6

F16
mean±std 2.95E+03 ± 3.26E+02 2.59E+03 ± 3.97E+02 3.06E+03 ± 3.53E+02 2.37E+03 ± 6.21E+02 2.64E+03 ± 4.41E+02 2.40E+03 ± 2.89E+02 2.35E+03 ± 7.11E+02 4.46E+03 ± 7.16E+02 2.32E+03 ± 2.45E+02
f-rank h 6.2 + 3.2 ≈ 6.6 + 3.8 ≈ 5 ≈ 3.7 ≈ 4.4 ≈ 9 + 3.1

F17
mean±std 1.94E+03 ± 2.73E+02 1.64E+03 ± 2.82E+02 2.43E+03 ± 1.73E+02 2.28E+03 ± 2.30E+02 1.80E+03 ± 3.51E+02 1.59E+03 ± 1.75E+02 1.56E+03 ± 5.03E+02 3.36E+03 ± 5.57E+02 1.49E+03 ± 5.77E+02
f-rank h 4.9 ≈ 3.7 ≈ 7.4 + 6.8 + 4.2 ≈ 3.5 ≈ 3.2 ≈ 8.4 + 2.9

F18
mean±std 1.84E+06 ± 8.40E+05 2.98E+04 ± 1.56E+04 9.09E+04 ± 2.46E+05 3.15E+04 ± 1.02E+04 4.53E+03 ± 3.35E+03 4.44E+03 ± 2.46E+03 2.18E+05 ± 1.26E+05 6.79E+04 ± 2.05E+04 8.40E+03 ± 5.85E+03
f-rank h 9 + 5.1 + 4.3 ≈ 5.3 + 2.2 ≈ 1.9 - 7.9 + 6.9 + 2.4

F19
mean±std 1.14E+03 ± 1.12E+03 2.22E+03 ± 2.81E+03 3.51E+02 ± 3.08E+02 1.04E+03 ± 7.77E+02 9.14E+02 ± 1.15E+03 2.92E+03 ± 2.75E+03 6.19E+03 ± 6.00E+03 6.20E+03 ± 5.74E+03 8.15E+02 ± 1.48E+02
f-rank h 4.6 ≈ 5.1 ≈ 2.9 ≈ 4.1 ≈ 3.7 ≈ 7.2 + 6.9 + 7.4 + 3.1

F20
mean±std 1.80E+03 ± 3.26E+02 1.67E+03 ± 2.39E+02 2.44E+03 ± 2.56E+02 2.44E+03 ± 1.99E+02 1.57E+03 ± 2.95E+02 1.89E+03 ± 3.08E+02 1.67E+03 ± 4.01E+02 2.98E+03 ± 4.66E+02 1.90E+03 ± 3.41E+02
f-rank h 3.5 ≈ 3 ≈ 7.3 + 7.6 + 2.5 ≈ 4.3 ≈ 3.5 ≈ 8.6 + 4.7

F21
mean±std 3.83E+02 ± 3.60E+01 4.91E+02 ± 4.50E+01 4.78E+02 ± 6.48E+01 7.99E+02 ± 1.67E+02 3.74E+02 ± 1.92E+01 3.57E+02 ± 2.27E+01 3.02E+02 ± 1.92E+01 7.85E+02 ± 9.97E+01 3.43E+02 ± 1.64E+01
f-rank h 4.1 + 6.7 + 6.3 + 8.4 + 4 + 3.4 ≈ 1.1 - 8.4 + 2.6

F22
mean±std 1.51E+04 ± 9.38E+02 2.23E+04 ± 7.00E+02 1.63E+04 ± 7.37E+02 2.56E+04 ± 4.88E+02 1.64E+04 ± 2.20E+03 1.16E+04 ± 1.07E+03 1.20E+04 ± 1.16E+03 1.57E+04 ± 1.19E+03 1.21E+04 ± 1.03E+03
f-rank h 4.7 + 8 + 6.2 + 9 + 5.8 + 1.8 ≈ 2.2 ≈ 5.2 + 2.1

F23
mean±std 6.50E+02 ± 1.17E+01 7.54E+02 ± 4.00E+01 7.81E+02 ± 1.56E+01 1.04E+03 ± 1.30E+01 6.63E+02 ± 1.87E+01 6.61E+02 ± 2.18E+01 6.23E+02 ± 2.27E+01 1.25E+03 ± 8.66E+01 6.44E+02 ± 2.90E+01
f-rank h 3.1 ≈ 6.2 + 6.8 + 8 + 4 ≈ 3.5 ≈ 1.5 ≈ 9 + 2.9

F24
mean±std 1.05E+03 ± 2.75E+01 1.24E+03 ± 5.49E+01 1.10E+03 ± 4.01E+01 1.05E+03 ± 1.81E+01 1.04E+03 ± 1.65E+01 1.00E+03 ± 1.81E+01 9.48E+02 ± 1.92E+01 1.92E+03 ± 2.08E+02 1.00E+03 ± 2.41E+01
f-rank h 5.2 + 8 + 6.9 + 5.3 + 4.2 + 2.7 ≈ 1 - 9 + 2.7

F25
mean±std 8.54E+02 ± 3.09E+01 7.81E+02 ± 7.17E+01 7.36E+02 ± 3.85E+01 7.88E+02 ± 8.77E+01 7.11E+02 ± 4.62E+01 7.24E+02 ± 4.21E+01 7.65E+02 ± 3.31E+01 7.56E+02 ± 8.20E+01 7.98E+02 ± 4.79E+01
f-rank h 8.4 + 5.2 ≈ 3.8 - 5.7 ≈ 2.9 - 3.2 - 4.7 ≈ 5.1 ≈ 6

F26
mean±std 5.12E+03 ± 2.65E+02 8.69E+03 ± 9.15E+02 5.87E+03 ± 3.15E+02 5.25E+03 ± 3.46E+02 4.88E+03 ± 2.06E+02 4.51E+03 ± 2.53E+02 3.92E+03 ± 1.91E+02 1.50E+04 ± 2.27E+03 4.40E+03 ± 1.92E+02
f-rank h 5.3 + 8 + 6.9 + 5.4 + 4.1 + 2.8 ≈ 1.2 - 9 + 2.3

F27
mean±std 6.85E+02 ± 1.85E+01 9.35E+02 ± 8.04E+01 8.07E+02 ± 4.43E+01 7.66E+02 ± 5.08E+01 7.14E+02 ± 8.96E+01 7.21E+02 ± 4.04E+01 6.51E+02 ± 1.82E+01 1.07E+03 ± 2.03E+02 7.37E+02 ± 4.91E+01
f-rank h 2.7 - 8.2 + 6.3 + 5.4 ≈ 4.6 ≈ 3.4 ≈ 1.4 - 8.6 + 4.4

F28
mean±std 9.75E+02 ± 2.28E+02 5.38E+02 ± 3.83E+01 5.41E+02 ± 3.19E+01 5.62E+02 ± 3.57E+01 5.16E+02 ± 1.73E+01 5.34E+02 ± 3.22E+01 5.43E+02 ± 6.81E+00 5.71E+02 ± 3.81E+01 5.49E+02 ± 3.44E+01
f-rank h 9 + 4.5 ≈ 3.9 ≈ 6.1 ≈ 2.2 - 4.3 ≈ 4.1 ≈ 5.9 ≈ 5

F29
mean±std 2.04E+03 ± 3.37E+02 1.95E+03 ± 2.97E+02 2.60E+03 ± 2.12E+02 2.30E+03 ± 4.72E+02 1.77E+03 ± 2.47E+02 1.88E+03 ± 2.96E+02 1.59E+03 ± 3.57E+02 3.88E+03 ± 3.87E+02 1.94E+03 ± 2.25E+02
f-rank h 4.7 ≈ 4.1 ≈ 7.4 + 6.5 + 3 ≈ 3.9 ≈ 2.4 ≈ 9 + 4

F30
mean±std 7.82E+03 ± 2.56E+03 5.13E+03 ± 2.67E+03 3.28E+03 ± 9.58E+02 5.60E+03 ± 2.43E+03 2.43E+03 ± 1.65E+03 2.67E+03 ± 2.16E+02 2.92E+03 ± 1.51E+02 1.05E+04 ± 5.20E+03 2.72E+03 ± 2.57E+02
f-rank h 7.8 + 6.7 + 3.8 ≈ 6.6 + 2.5 ≈ 2.6 ≈ 3.7 ≈ 8.4 + 2.9

+/≈/− 16/10/4 19/9/2 17/9/4 18/9/3 7/19/4 3/19/8 8/13/9 27/3/0
average f-rank 5.80 5.74 5.17 5.86 3.71 3.43 3.95 7.70 3.65
better optimization ability in the middle and later stages of the algo-
rithm, as shown in Fig. 7(h). Finally, the MHDE algorithm consistently
demonstrated the fastest convergence speed and achieved the best
search results among the presented convergence plots. In general, the
MHDE algorithm exhibited a strong global convergence ability and fast
convergence speed.

7. Analyzing the adaptive clustering mechanism

The impact of the entropy of the elite distribution on the clustering
quantity was analyzed, as shown in Fig. 8, where the red and blue lines
enote the variation curves of the entropy of the elite distribution and
lustering quantity, respectively.

The entropy calculation determines the concentration of the elite
istribution. Consequently, the entropy value for the unimodal function
1 rapidly decreased, as shown in Fig. 8(a). In addition, the number
f guided clusters rapidly decreased, enhancing the exploitation abil-
ty of the population and facilitating rapid convergence towards the
ominant regions.

From the perspective of multimodal functions, such as F19 and
21, the high entropy state in the early stage persisted longer than
hat in F1, even though the entropy values showed a decreasing trend.
onsequently, the algorithm produced more clusters in the early stage,
hich enhanced the continuous exploratory ability of the population.
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Table 6
Statistical results of the ablation experiments on CEC2017.

Item MHDE-Ab1 MHDE-Ab2 MHDE-Ab3 MHDE

+/≈/− 13/12/5 5/21/4 15/14/1
average f-rank 2.5 2.2 3.1 2.1

However, MHDE assisted the algorithm in dynamically providing
a more appropriate number of clusters based on changes in entropy
for certain multimodal functions with complex features. For example,
the early to middle stages of F11 exhibited rapid convergence towards
the dominant region, followed by further exploration in the complex
dominant region during the later stages. Additionally, the algorithm
maintained a balanced state of entropy in the middle and later stages
when optimizing F23, facilitating a more balanced exploration and
exploitation, as shown in Fig. 8(e).

Based on the above analysis, it can be concluded that the entropy
values of the elite distribution effectively guided the clustering quantity
of the population.

8. Ablation experiment

To analyze the impact of its key components on the overall perfor-
mance of MHDE.
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Fig. 9. The variation curves of the 𝐶𝑅 and 𝐹 .
C

The MHDE algorithm three main components: adaptive cluster-
ng, individual improvement calculation, and extra-cluster evolution
echanisms.

Therefore, each of these components was individually removed or
odified to test the performance of the algorithm. First, regarding

he adaptive clustering mechanism, random grouping of the popula-
ion replaced the clustering mechanism in the MHDE-Ab1 algorithm,
nd a fixed number of subpopulations were used instead of adaptive
lustering. Second, the common individual contribution calculation
echanism was used to replace Eq. (16) in the MHDE-Ab2 algo-

ithm, which is expressed in Eq. (23). Finally, the extra-cluster was
ot included in the evolution of the population in the MHDE-Ab3
lgorithm.

𝑐𝑖,𝐺 =

{

𝑓 (𝑋⃗𝐺
𝑖 ) − 𝑓 (𝑈⃗𝐺

𝑖 ) 𝑓 (𝑈⃗𝐺
𝑖 ) < 𝑓 (𝑋⃗𝐺

𝑖 )

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
(23)

The statistical results of the ablation experiments are presented
n Table 6. The MHDE algorithm outperformed the MHDE-Ab1 algo-
ithm on 13 functions and surpassed the MHDE-Ab3 algorithm on 15
unctions. Moreover, the MHDE algorithm only performed worse than
he MHDE-Ab1 and MHDE-Ab2 algorithms for five and one functions,
espectively. This indicated that the adaptive clustering and extra-
luster mechanisms positively affected the performance of the MHDE
lgorithm in most cases. Additionally, the performance of the MHDE
lgorithm was similar to that of the MHDE-Ab2 algorithm on 21 func-
ions. However, the MHDE algorithm still exhibited better performance
n five functions. Therefore, the proposed individual improvement cal-
ulation mechanism enhanced the optimization ability of the algorithm
ompared with common mechanisms in certain problems.

. Analyzing parameters

The performance of the important parameters in the MHDE algo-
ithm were analyzed and the optimal parameter settings were deter-
ined.

.1. Crossover probability 𝐶𝑅 and scale factor 𝐹

The MHDE algorithm provided independent parameter adaptive
echanisms for each mutation strategy. The trends of 𝐶𝑅 and 𝐹 for

he six mutation strategies on the five test functions were analyzed to
etermine the differences in the parameters across various mutation
trategies, as shown in Fig. 9. There were significant differences in the
arameter variation curves among the different mutation strategies.
urthermore, the same mutation strategy exhibited various parame-
er selection characteristics across different problems. This indicated
14

hat the parameter adaptation mechanism in the MHDE algorithm t
Table 7
Statistical results of f-rank for the MHDE algorithm with different 𝑇𝑆 values on

EC2017.
MHDE-TS-5 MHDE-TS-10 MHDE-TS-20 MHDE-TS-40 MHDE-TS-70 MHDE-TS-100

Unimodal Functions 5.5 6.2 9.9 12.4 13.6 15.4
Simple Multimodal Functions 20.5 21.5 24.1 25.8 27.1 28
Hybrid Functions 36.2 35.6 34.6 32.2 35 36.4
Composition Functions 36.4 32.5 33.7 37.8 34.4 35.2

overall f-rank 98.6 95.8 102.3 108.2 110.1 115

Table 8
Statistical results of f-rank for the MHDE algorithm with different 𝑁𝐶𝑚𝑎𝑥 and 𝑁𝐶𝑚𝑖𝑛
on CEC2017.

MHDE-5–10 MHDE-5–15 MHDE-5–20 MHDE-10–15 MHDE-10–20 MHDE-15-20

Unimodal Functions 10.6 7.5 7.3 12.8 12.7 12.1
Simple Multimodal Functions 24.3 28.4 25.2 23.3 22 23.8
Hybrid Functions 37.4 35.2 30.2 36.6 35 35.6
Composition Functions 35.7 38.9 34.4 31.3 37.5 32.2

overall f-rank 108 110 97.1 104 107.2 103.7

effectively assisted in selecting the appropriate parameters that suited
individual mutation strategies and problem environments. This, in turn,
enhanced the overall optimization capabilities of the algorithm for
different types of problems.

9.2. Time span for the re-clustering 𝑇𝑆

Comparative experiments were conducted on the MHDE algorithm
with different 𝑇𝑆 values to analyze the impact of 𝑇𝑆 on the perfor-
mance of the algorithm and determine the optimal parameter settings.
The experimental results are presented in Table 7, where the MHDE
algorithm with different 𝑇𝑆 values is named MHDE-TS-N where ‘N’
represents the value of 𝑇𝑆.

Additionally, the overall f-rank was utilized to show the summation
of f-rank across all test functions.

Smaller 𝑇𝑆 values indicated better algorithm performance for uni-
modal and simple multimodal functions. This suggested that frequent
information exchanges within a population were beneficial for opti-
mizing relatively simple problems using this algorithm. However, the
impact of 𝑇𝑆 on MHDE was relatively small for complex problems, such
as hybrid and composition functions.

Moreover, the overall f-rank verified that MHDE-TS-10 exhibited the
best overall performance in comprehensive testing. Therefore, 𝑇𝑆 was
configured as 10 in the experiments.

9.3. Upper and lower limits of the number of clusters 𝑁𝐶𝑚𝑎𝑥 and 𝑁𝐶𝑚𝑖𝑛

Experimental analyses were conducted to investigate the impact
of 𝑁𝐶𝑚𝑖𝑛 and 𝑁𝐶𝑚𝑎𝑥 on the MHDE algorithm. For this experiment,

he values 5, 10, 15, and 20 were chosen as the test parameters for
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Table 9
Statistical results of f-rank for the MHDE algorithm with different 𝑒 on CEC2017.

Item MHDE-𝑒-0.2 MHDE-𝑒-0.4 MHDE-𝑒-0.6 MHDE-𝑒-0.8

Unimodal Functions 8.5 7.3 7.3 6.9
Simple Multimodal Functions 18.4 21.2 17 13.4
Hybrid Functions 32 25.2 20.2 22.6
Composition Functions 28.5 26.3 22 23.2

overall f-rank 87.4 80 66.5 66.1

Table 10
Statistical results of f-rank the MHDE algorithm with different 𝐵𝑝 on CEC2017.

MHDE-Bp-0.2 MHDE-Bp-0.4 MHDE-Bp-0.6 MHDE-Bp-0.8

Unimodal Functions 7.5 6.7 8.7 7.1
Simple Multimodal Functions 15.8 17.4 17.5 19.3
Hybrid Functions 23 23.6 26.6 26.8
Composition Functions 23.8 25.9 24.2 26.1

overall f-rank 70.1 73.6 77 79.3

𝑁𝐶𝑚𝑖𝑛 and 𝑁𝐶𝑚𝑎𝑥. The experimental results are presented in Table 8,
here the format MHDE-𝑁𝐶𝑚𝑖𝑛-𝑁𝐶𝑚𝑎𝑥 is used to denote the algorithm

with different parameters. Furthermore, the data presented in Table 8
epresent the cumulative statistical sum of the f-rank.

First, considering unimodal functions, a smaller 𝑁𝐶𝑚𝑖𝑛 led to better
lgorithm performance when 𝑁𝐶𝑚𝑎𝑥 remained constant. This indicated
hat having fewer clusters was more favorable for the operation of the
lgorithm in unimodal problems.

Second, for complex multimodal functions, such as hybrid functions,
larger 𝑁𝐶𝑚𝑎𝑥 led to better algorithm performance when 𝑁𝐶𝑚𝑖𝑛 was

et to five. This demonstrated that a larger 𝑁𝐶𝑚𝑎𝑥 was more conducive
o improving the global exploration capabilities of the algorithm.

Finally, from the overall f-rank, the MHDE-5-20 exhibited the best
lgorithm performance. Therefore, 𝑁𝐶𝑚𝑖𝑛 and 𝑁𝐶𝑚𝑎𝑥 were set to 5 and
0, respectively.

.4. Proportion of the extra-cluster 𝑒

Comparative experiments were conducted using the MHDE algo-
ithm with different 𝑒 value to analyze the impact of the extra-cluster
opulation ratio 𝑒 on the algorithm performance. Specifically, 𝑒 values
f 0.2, 0.4, 0.6, and 0.8 were utilized. The experimental results are
resented in Table 9, where MHDE-𝑒-𝑁 represents the MHDE algorithm
ith 𝑒 set as 𝑁 .

The symbol 𝑒 represents the proportion of information exchanged
etween clusters. In the case of unimodal and simple multimodal func-
ions, a higher 𝑒 value resulted in better algorithm performance. This
uggested that increasing the level of information exchange between
opulations would be beneficial for optimizing simpler problems. How-
ver, the algorithm performed best when 𝑒 was set to 0.6 for the hybrid
nd composition functions. Lower and higher values of 𝑒 led to a decline
n the algorithm performance, indicating that a balanced value of 𝑒
as more favorable for optimization in complex problems. Overall, the
HDE algorithm demonstrated the best performance when 𝑒 was set to

.8.

.5. Basic selection probability of mutation strategies 𝐵𝑝

𝐵𝑝 represents the basic selection probability for the mutation opera-
or. A smaller 𝐵𝑝 increases the capability of the algorithm to adaptively
djust the selection probability of the mutation operator. However,
etting 𝐵𝑝 too low can exclude some mutation operators from par-
icipating in the population evolution, leading to a disruption in the
daptive mechanism of the algorithm.

Comparative tests were conducted with algorithms using different
𝑝 values to examine the impact of the 𝐵𝑝 parameter on the MHDE
lgorithm. The 𝐵𝑝 parameters were set to 0.2, 0.4, 0.6, and 0.8, and
15

he test results are presented in Table 10. m
The overall f-rank gradually decreased as 𝐵𝑝 decreased from 0.8
o 0.2. Therefore, granting the algorithm greater adaptive adjustment
apability effectively enhanced its overall performance. Consequently,
𝑝 was set to 0.2.

0. Time complexity analysis

Understanding the time complexity of an algorithm is crucial for
valuating its efficiency and scalability. Time complexity measures
he amount of computational resources required, particularly the time
equired, for an algorithm to solve a problem as the input size increases.
y analyzing the time complexity, insight can be gained regarding the
bility of the algorithm to scale with larger inputs to facilitate making
nformed decisions about its practicality. In subsequent sections, a
etailed analysis of the algorithm’s time complexity will be provided
y considering factors such as loop iterations and the execution time of
ndividual operations. This analysis provided a deeper understanding of
he efficiency of the algorithm.

• The time complexities of initializing the population and estimat-
ing the fitness of the initial population are expressed as 𝑂(𝑁𝑃 ⋅𝐷)
and 𝑂(𝑁𝑃 ⋅ 𝑓 (𝐷)), respectively.

• The time complexity of computing the number of clusters using
LSH is expressed as 𝑂(𝑁𝑃 ⋅𝐷 +𝑁𝑃 ) ≈ 𝑂(𝑁𝑃 ⋅𝐷).

• The time complexity of clustering population by BLSH is ex-
pressed as 𝑂(𝑁𝑃 (𝐷 + 𝑙𝑜𝑔2(𝑁𝑃 ) + 1)) ≈ 𝑂(𝑁𝑃 (⋅𝐷 + 𝑙𝑜𝑔2(𝑁𝑃 ))).

• The time complexity of intra-cluster evolution is expressed as
𝑂(𝑁𝑃 ⋅𝐷 +𝑁𝑃 ⋅ 𝑓 (𝐷)).

• The time complexity of constructing the extra-cluster population
is expressed as 𝑂(𝑁𝑆).

• The time complexity of extra-cluster evolution is expressed as
𝑂(𝑁𝑆 ⋅𝐷 +𝑁𝑆 ⋅ 𝑓 (𝐷) +𝐷 ⋅𝑁𝐶 +𝑁𝐶 ⋅𝑁𝑆).

ased on the above analysis, the time complexity of the algorithm
uring G generations can be determined as: 𝑂(𝑁𝑃 ⋅ 𝐷 + 𝑁𝑃 ⋅ 𝑓 (𝐷) +
𝐺∕𝑇𝑆) ⋅ 𝑁𝑃 (𝐷 + 𝑙𝑜𝑔2(𝑁𝑃 )) + 𝐺 ⋅ (𝑁𝑃 ⋅ (𝐷 + 𝑓 (𝐷)) + 𝑁𝑆 + 𝑁𝑆 ⋅ 𝐷 +
𝑆 ⋅ 𝑓 (𝐷) +𝑁𝐶 ⋅𝐷 +𝑁𝐶 ⋅𝑁𝑆)) ≈ 𝑂((𝐺∕𝑇𝑆) ⋅𝑁𝑃 ⋅ (𝐷 + 𝑙𝑜𝑔2(𝑁𝑃 )) +
⋅ ((𝑁𝑃 +𝑁𝑆) ⋅ (𝐷 + 𝑓 (𝐷)) +𝑁𝐶 ⋅ (𝐷 +𝑁𝑆)))
The time complexity testing method defined in ‘‘Problem Defini-

ions and Evaluation Criteria for the CEC2017 Special Session and
ompetition on Single Objective Real-Parameter Numerical Optimiza-
ion’’ (Awad et al., 2016) was employed to evaluate all the participating
lgorithms and visually illustrate the time complexity of the MHDE
lgorithm. The experimental results are presented in Table 11.

The MHDE algorithm exhibited a high time complexity. This was
rimarily owing to the MHDE algorithm employing a population clus-
ering mechanism to evaluate the population state. This mechanism
equires additional computational resources to acquire information on
he state of the population. However, this information is crucial for
he performance of the algorithm. The MHDE algorithm can dynam-
cally adjust the number of clusters by analyzing this state informa-
ion, thereby enhancing the global search capabilities and optimization
erformance the algorithm.

In practical applications, these additional computational resources
ere found to be acceptable because they directly contributed to the
utstanding performance of the MHDE algorithm in CEC2017.

In conclusion, the higher time complexity of the MHDE algorithm
as a reasonable trade-off for improving the algorithm performance
nd adaptability. In addition, it enabled the algorithm to excel in
olving various types of problems. In the future, efforts will continue
o enhance the algorithm while reducing its time complexity and

aintaining its exceptional performance.
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Table 11
The time complexity of algorithms in different dimensions.

Dimension SDE SaDE JADE AGDE EDEV DEET DCDE EHDE MHDE

30D 196.42 478.95 116.65 78.11 155.72 275.39 229.26 97.73 749.10
50D 315.73 592.23 210.88 138.21 165.26 535.93 375.67 347.39 1118.69
100D 353.86 628.65 280.16 177.03 155.92 782.86 391.01 1371.68 1314.55

Table 12
WSNs deployment scenarios.

Scenarios Deployment space Number of sensors 𝑅𝑠 Problem dimension

Scenario 1 10 × 10 5 2.5 10
Scenario 2 10 × 10 8 2.5 16
Scenario 3 30 × 30 15 5 30
Scenario 4 30 × 30 20 5 40
Scenario 5 100 × 100 30 10 60
Scenario 6 100 × 100 40 10 80

11. Node deployment in wireless sensor networks

Advancements in wireless networking and intelligent sensor tech-
nologies have led to the development of wireless sensor devices. Wire-
less sensor networks (WSNs) are distributed networks comprised of
sensor nodes capable of perceiving and detecting the surrounding
environment. Information can be collected, processed, and transmitted
to the network in a timely manner by deploying WSNs in target
areas, ultimately providing feedback to users. The working princi-
ple of WSNs is illustrated in Fig. 10. WSNs have a wide range of
applications owing to their excellent performances and practical fea-
tures. WSNs have been widely employed in various fields such as
military applications (Felemban, 2013), medical monitoring (Chang
et al., 2012), disaster warning (Yadav et al., 2019), environmental

onitoring (Baloch et al., 2015), and agricultural production (Bozorgi
Bidgoli, 2019). In the future, WSNs are expected to be present in all

spects of social development and daily life.
Node deployment is a critical issue in the application of WSNs.

nsufficient deployment schemes for sensor nodes inevitably result in a
ignificant overlap in the sensing areas. Repetitive sensing in the same
rea leads to redundant data in WSNs, weakening the data processing
apability of the network. Additionally, meaningless monitoring and
ata forwarding increase the overall power consumption of the net-
ork, thereby reducing its lifetime and impacting the service quality
f the entire WSN. Moreover, this increases the deployment cost of
SNs. Therefore, a reasonable node deployment scheme for WSNs can

ffectively improve the energy efficiency of a network and enhance its
ervice quality in the target area.

1.1. WSN coverage model

The sensors were represented as 𝑆 = {𝑠1, 𝑠2,… , 𝑠𝑛} for the deploy-
ent of 𝑛 homogeneous sensors on a 2D target monitoring area 𝑇𝐴,
here the position of sensor 𝑠𝑖 was represented by the 2D coordinates
𝑖 = (𝑠𝑥𝑖, 𝑠𝑦𝑖). Sensors were capable of perceiving the spatial region
ithin a certain range around themselves. The specific sensing range
16
as represented by the sensing radius 𝑅𝑠. Moreover, the sensing models
f sensors were categorized into two types: binary and probabilistic. In
rder to closely simulate the real-world working conditions of WSNs,
his study adopted a more realistic probabilistic sensing model. Its
athematical formula is expressed in Eqs. (24)–(27).

𝑃 (𝑠𝑖, 𝑧) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1

exp
(

−𝜆1𝛼1𝛽1
𝛼2𝛽2+𝜆2

)

0

𝑑(𝑠𝑖, 𝑧) ≤ 𝑅𝑠 − 𝑅𝑒

𝑅𝑠 − 𝑅𝑒 < 𝑑(𝑠𝑖, 𝑧) < 𝑅𝑠 + 𝑅𝑒

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(24)

𝑑(𝑠𝑖, 𝑧) =
√

(𝑠𝑥𝑖 − 𝑧𝑥)2 + (𝑠𝑦𝑖 − 𝑧𝑦) (25)

𝛼1 = 𝑅𝑒 − 𝑅𝑠 + 𝑑(𝑐𝑖, 𝑧) (26)

𝛼2 = 𝑅𝑒 + 𝑅𝑠 − 𝑑(𝑐𝑖, 𝑧) (27)

here 𝑧 = (𝑧𝑥, 𝑧𝑦) represents an arbitrary position in the 𝑇𝐴, 𝑑(𝑠𝑖, 𝑧)
represents the Euclidean distance between 𝑧 and sensor 𝑠𝑖, 𝑅𝑒 rep-
esents the reliability parameter, and 𝛽1, 𝛽2, 𝜆1 and 𝜆2 represent the
easurement parameters of the sensors. Therefore, the joint sensing
robability of 𝑛 sensors in 𝑇𝐴 for any point 𝑧 can be represented by
q. (28).

𝑆𝑃 (𝑆, 𝑧) = 1 −
𝑛
∏

𝑖=1

(

1 − 𝑆𝑃
(

𝑠𝑖, 𝑧
))

(28)

It is impossible to perform sensing detection for all positions in the
𝑇𝐴 owing to the existence of an infinite number of points 𝑧 in the
𝑇𝐴. Therefore, the 𝑇𝐴 was divided into a grid of 𝑚 × 𝑛 pixel points to
evaluate the coverage of WSNs on the 𝑇𝐴. The calculation of coverage
on the 𝑇𝐴 was then converted into the calculation of coverage on these
pixel points. The calculation method is expressed in Eq. (29).

𝑆𝑃cov =

∑𝑚
𝑥=1

∑𝑛
𝑦=1 𝑆𝑃 (𝑆, (𝑥, 𝑦))

𝑚 × 𝑛
(29)

11.2. Simulations

Experiments were conducted to simulate the deployment require-
ments under six distinct scenarios to validate the effectiveness of the
MHDE algorithm in addressing the deployment problem of WSNs. Sub-
sequently, the MHDE algorithm and eight comparative algorithms were
used to optimize the sensor deployment schemes for WSNs. Six different
deployment scenarios with the problem progressively increasing in
difficulty from Scenario 1 to 6 are listed in Table 12.

The 𝛽1, 𝛽2, 𝜆1, and 𝜆2 were set to 1, 1.5, 1, and 0, respectively. The
optimization results are presented in Table 13.

AGDE performed the best in the relatively simple Scenario 1,
whereas the MHDE and DEET algorithms demonstrated excellent per-
formance with similar f-rank values in Scenario 2. The MHDE algorithm
exhibited superior performance as the complexity of the problem
increased, achieving the best optimization results in Scenarios 3 to
6. The optimal sensor deployment schemes achieved by the MHDE

algorithm under different scenarios are shown in Fig. 11.
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Table 13
The comparison results of MHDE with other algorithms on WSNs.

Scenarios Item SDE SaDE JADE AGDE EDEV DEET DCDE EFDE MHDE

Scenario 1(10D)
mean± std 0.68316 ± 1.24E−11 0.68315 ± 1.38E−05 0.68243 ± 3.39E−04 0.68316 ± 1.17E−16 0.68295 ± 6.93E−05 0.68041 ± 5.79E−03 0.68309 ± 2.77E−05 0.68292 ± 2.07E−03 0.68336 ± 2.71E−10
f-rank h 5.10 ≈ 7.00 + 2.20 + 7.50 − 3.20 + 2.20 ≈ 6.20 ≈ 4.10 ≈ 7.50

Scenario 2(16D)
mean± std 0.89861 ± 1.41E−03 0.89534 ± 3.09E−03 0.89039 ± 1.77E−03 0.89762 ± 2.49E−03 0.89584 ± 1.58E−03 0.89864 ± 1.41E−03 0.89445 ± 2.79E−03 0.89401 ± 1.59E−03 0.89918 ± 1.16E−03
f-rank h 6.20 + 4.10 + 2.20 + 6.00 ≈ 3.90 + 6.80 ≈ 4.20 + 4.40 + 7.20

Scenario 3(30D)
mean± std 0.92043 ± 6.77E−03 0.90010 ± 4.75E−03 0.89107 ± 2.33E−03 0.89525 ± 2.73E−03 0.90478 ± 2.90E−03 0.92565 ± 1.28E−03 0.89865 ± 3.74E−03 0.91018 ± 4.55E−03 0.92676 ± 7.86E−04
f-rank h 6.10 + 5.20 + 1.50 + 3.20 + 4.80 + 7.30 ≈ 3.83 + 5.47 ≈ 7.60

Scenario 4(40)
mean± std 0.96732 ± 5.81E−03 0.95950 ± 2.19E−03 0.95392 ± 1.95E−03 0.95432 ± 2.22E−03 0.96272 ± 1.59E−03 0.97747 ± 7.77E−04 0.96376 ± 1.36E−03 0.96190 ± 2.00E−03 0.97781 ± 5.16E−04
f-rank h 5.80 + 4.30 + 2.40 + 2.60 + 4.90 + 7.40 ≈ 5.67 ≈ 4.34 + 7.60

Scenario 5(60)
mean± std 0.84559 ± 2.03E−02 0.81240 ± 4.50E−03 0.80292 ± 5.37E−03 0.80114 ± 4.22E−03 0.81982 ± 4.39E−03 0.86025 ± 2.26E−03 0.82103 ± 4.31E−03 0.82018 ± 3.82E−03 0.87837 ± 2.36E−03
f-rank h 6.30 + 4.30 + 2.90 + 2.70 + 5.10 + 6.90 + 4.40 + 4.20 + 8.20

Scenario 6(80)
mean± std 0.91249 ± 2.79E−02 0.89933 ± 3.35E−03 0.89506 ± 3.43E−03 0.89076 ± 5.25E−03 0.91154 ± 2.95E−03 0.94132 ± 3.53E−03 0.90330 ± 3.85E−03 0.91604 ± 3.19E−03 0.95899 ± 6.63E−04
f-rank h 4.70 + 4.30 + 3.70 + 2.60 + 5.50 + 7.00 + 4.60 + 4.80 + 7.80

+/≈/− 5/1/0 6/0/0 6/0/0 4/1/1 6/0/0 2/4/0 4/2/0 4/2/0
average f-rank 5.70 4.87 2.48 4.10 4.57 6.27 4.60 4.77 7.65
Fig. 11. Sensor distributions optimized by MHDE.
B
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2. Conclusion

Based on the various contributions made in this research, the pro-
osed MHDE algorithm demonstrated promising capabilities for ad-
ressing the challenges of efficient population exploration and opti-
ization in different solution spaces. MHDE achieved fast and balanced

lustering by incorporating the BLSH technique, thereby improving
he population partitioning efficiency. The introduction of a popula-
ion state evaluation method allowed for the adaptive adjustment of
he clustering quantity, thereby enhancing the exploration and ex-
loitation abilities of the population. Additionally, a novel method for
alculating individual improvements was integrated with the selection
robability of mutation strategies and adaptive parameter mechanisms,
ontributing to improved performance. Moreover, the MHDE algorithm
ncorporated the construction of EcPop, enabling information exchange
etween clusters and further enhancing the global search capability of
he population.

Through extensive experiments, the MHDE demonstrated its effec-
iveness and efficiency in solving optimization problems in unimodal
nd multimodal scenarios. Furthermore, MHDE exhibited remarkable
erformance when applied to the node deployment problems in WSNs,
ffirming its suitability for real-world applications. These results estab-
ished MHDE as a competitive algorithm among the existing DE variants
nd highlighted its potential for addressing optimization challenges in
arious domains.
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